
+LJK )UHTXHQF\ 3ULFH '\QDPLFV DQG
'HULYDWLYHV 3ULFHV

)RU &RQWLQXRXVO\ 3URGXFHG� 6WRUDEOH
&RPPRGLWLHV

&UDLJ 3LUURQJ
-RKQ 0� 2OLQ 6FKRRO RI %XVLQHVV

:DVKLQJWRQ 8QLYHUVLW\

6HSWHPEHU ��� ����
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&RPPRGLW\ SULFH G\QDPLFV� WKH HFRQRPLFV RI FRPPRGLW\ VWRUDJH� DQG FRP�
PRGLW\ RSWLRQV SULFLQJ PRGHOV KDYH EHHQ WKH VXEMHFW QXPHURXV UHFHQW VWXGLHV�

�EXW WKH UHVHDUFK LQ WKHVH DUHDV KDV EHHQ ODUJHO\ GLVMRLQW� 7KLV LV XQIRUWX�
QDWH� EHFDXVH WKLV DUWLFOH GHPRQVWUDWHV WKDW WKHVH VXEMHFWV DUH LQH[WULFDEO\

�)RU WKHRUHWLFDO DQDO\VHV RI FRPPRGLW\ SULFH G\QDPLFV ZLWK DSSOLFDWLRQV WR RSWLRQ
SULFLQJ VHH %UHQQDQ ������� %UHQQDQ DQG 6FKZDUW] ������� *LEVRQ DQG 6FKZDUW] �������
&RUWD]DU DQG 6FKZDUW] ������� $PLQ� 1J� DQG 3LUURQJ ������� DQG 6FKZDUW] ������� 7KHVH
SDSHUV WDNH FRPPRGLW\ SULFH SURFHVVHV DV H[RJHQRXV� )DPD DQG )UHQFK ������� 1J DQG
3LUURQJ ������ ����� DQG 'XpH DQG *UD\ ������ SUHVHQW HPSLULFDO HYLGHQFH RQ FRPPRG�
LW\ SULFH YRODWLOLW\� 1J�3LUURQJ DQG )DPD�)UHQFK GRFXPHQW HPSLULFDOO\ UHODWLRQV EHWZHHQ
SULFH YRODWLOLW\ DQG VSRW�IRUZDUG VSUHDGV� 'DQWKLQH ������� 6KHLQNPDQ DQG 6FKHFWPDQ
������� :LOOLDPV DQG :ULJKW ������� 'HDWRQ DQG /DURTXH ������ ������ &KDPEHUV DQG
%DLOH\ ������� DQG 5RXWOHGJH� 6HSSL� DQG 6SDWW ������ DQDO\]H WKH WKHRU\ RI VWRUDJH DQG
XQGHUWDNH VRPH HPSLULFDO WHVWV� 7KHVH VWRUDJH WKHRU\ SDSHUV GLVFXVV VRPH DVSHFWV RI FRP�
PRGLW\ SULFH G\QDPLFV LQ ORZ IUHTXHQF\ GDWD� EXW QRW KLJK IUHTXHQF\ GDWD� 7KH HPSLULFDO
WHVWV LQ WKH VWRUDJH�WKHRU\ DUWLFOHV �HVSHFLDOO\ WKRVH E\ 'HDWRQ�/DURTXH� DUH SULPDULO\
OLPLWHG WR GHWHUPLQLQJ ZKHWKHU VWRUDJH FDQ H[SODLQ WKH KLJK DXWRFRUUHODWLRQV REVHUYHG LQ
DQQXDO FRPPRGLW\ SULFH GDWD� =KRX ������ SUHVHQWV D WKHRU\ RI FRPPRGLW\ SULFH YRODWLO�
LW\ DQG IXWXUHV SULFH PHDQ UHYHUVLRQ EDVHG RQ LQFRPSOHWH KHGJLQJ� =KRX
V ZRUN LV TXLWH
GLVWLQFW IURP WKH VWRUDJH�WKHRU\ JHQUH� EXW KDV LPSOLFDWLRQV IRU YRODWLOLW\ VNHZV DQG WKH
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OLQNHG� 6ROXWLRQ RI D G\QDPLF UHFXUVLYH PRGHO RI WKH PDUNHW IRU D VWRUDEOH�
FRQWLQXRXVO\ SURGXFHG FRPPRGLW\ GHPRQVWUDWHV WKDW WKH HFRQRPLFV RI VWRU�
DJH DQG SURGXFWLRQ H[HUW D GHFLVLYH LQoXHQFH RQ WKH VKRUW�WHUP G\QDPLFV
RI FRPPRGLW\ SULFHV� :KHQ PDUJLQDO FRVWV DUH FRQYH[ DQG LQFUHDVLQJ �GXH�
IRU LQVWDQFH� WR D FDSDFLW\ FRQVWUDLQW� DQG GHPDQG LV VWRFKDVWLF� FRPPRGLW\
SULFHV H[KLELW FRPSOH[ G\QDPLFV FKDUDFWHUL]HG E\ VSRW SULFH YDULDQFHV WKDW
YDU\ VLJQLnFDQWO\ DQG V\VWHPDWLFDOO\ ZLWK GHPDQG FRQGLWLRQV DQG WKH DPRXQW
RI LQYHQWRU\ RQ KDQG� ,Q EULHI� WKH SULFHV RI VWRUDEOH� FRQWLQXRXVO\ SURGXFHG
FRPPRGLWLHV DUH KLJKO\ YRODWLOH ZKHQ GHPDQG DQG VXSSO\ FRQGLWLRQV DUH WLJKW
�GXH WR KLJK GHPDQG DQG�RU ORZ LQYHQWRULHV� EXW H[KLELW OLWWOH YRODWLOLW\ ZKHQ
VXSSO\ LV DEXQGDQW �GXH WR ORZ GHPDQG DQG�RU KLJK LQYHQWRULHV�� 0RUHRYHU�
ZKHQ WKHUH DUH ERWK WUDQVLWRU\ DQG SHUVLVWHQW GHPDQG VKRFNV� VSRW�IRUZDUG
SULFH FRUUHODWLRQV DOVR YDU\ V\VWHPDWLFDOO\ ZLWK PDUNHW FRQGLWLRQV�
7KHVH UHVXOWV KDYH LPSRUWDQW LPSOLFDWLRQV IRU GHULYDWLYHV SULFLQJ� 7UDGL�

WLRQDO FRPPRGLW\ RSWLRQV SULFLQJ PRGHOV �VHH HVSHFLDOO\ 6FKZDUW]� ����� GR
�QRW LQFRUSRUDWH VWDWH�GHSHQGHQW YRODWLOLWLHV DQG FRUUHODWLRQV� ,Q WKH VWRUDJH

HFRQRP\ VLPXODWHG KHUHLQ� VXFK FRQVWDQW YRODWLOLW\ PRGHOV JHQHUDWH ODUJH
RSWLRQV PLVSULFLQJV� 7KH FRQVWDQW YRODWLOLW\ PRGHOV PLVSULFH VKRUW GDWHG�
RXW�RI�WKH�PRQH\ FDOOV E\ DV PXFK DV ��� SHUFHQW� 0LVSULFLQJV DUH VRPHZKDW
VPDOOHU LQ PDJQLWXGH IRU LQ�WKH�PRQH\� ORQJHU GDWHG FDOOV� 7KH GLUHFWLRQ
RI WKH PLVSULFLQJV YDULHV ZLWK PDUNHW FRQGLWLRQV� 7KH FRQVWDQW YRODWLOLW\
EHQFKPDUN PRGHO JURVVO\ XQGHUSULFHV RSWLRQV ZKHQ GHPDQG LV KLJK DQG�RU
LQYHQWRULHV DUH YHU\ VKRUW� WKLV RFFXUV ZKHQ WKH FRPPRGLW\ SULFH LV KLJK�
:KHQ GHPDQG LV ORZ RU LQYHQWRULHV DUH DEXQGDQW� KRZHYHU� WKH EHQFKPDUN
PRGHO RYHUSULFHV FRPPRGLW\ RSWLRQV� 7KXV� VWDQGDUG FRPPRGLW\ RSWLRQ
SULFLQJ PRGHOV JHQHUDWH ODUJH� VWDWH�GHSHQGHQW SULFLQJ HUURUV LQ WKH VLPX�
ODWHG FRPPRGLW\ PDUNHW EHFDXVH FRPPRGLW\ SULFH YRODWLOLW\ LV VWURQJO\ VWDWH�
GHSHQGHQW�
7KLV DQDO\VLV DOVR LPSOLHV WKDW RSWLRQV SULFHV IRU D VWRUDEOH FRPPRGLW\

ZLWK VWRFKDVWLF GHPDQG DQG FRQYH[ LQFUHDVLQJ PDUJLQDO FRVWV VKRXOG H[KLELW

UHODWLRQ EHWZHHQ SULFH OHYHOV DQG SULFH YRODWLOLW\ WKDW DUH VLPLODU WR WKRVH GHULYHG EHORZ�
�6HH %UHQQDQ ������� %UHQQDQ DQG 6FKZDUW] ������� *LEVRQ DQG 6FKZDUW] �������

&RUWD]DU DQG 6FKZDUW] ������� $PLQ� 1J� DQG 3LUURQJ ������� DQG 6FKZDUW] ������ IRU
PXOWL�IDFWRU� FRQVWDQW YRODWLOLW\ PRGHOV RI FRPPRGLW\ SULFHV� 7KHVH PRGHOV XVH WKH VSRW
SULFH DQG WKH ?FRQYHQLHQFH \LHOG� DV WKH WZR IDFWRUV� $OWKRXJK WKHVH PXOWL�IDFWRU PRGHOV
JHQHUDWH D ULFKHU VHW RI G\QDPLFV IRU WKH FRPPRGLW\ WHUP VWUXFWXUH� WKH\ GR QRW SHUPLW
WKH VWDWH�GHSHQGHQFH LQ YRODWLOLWLHV LPSOLHG E\ WKH VWRUDJH PRGHO�
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�YRODWLOLW\ ?VNHZV� RU ?VPLOHV�� 0RUHRYHU� WKH VKDSH RI WKH YRODWLOLW\ VNHZ
GHSHQGV RQ FXUUHQW VXSSO\ DQG GHPDQG FRQGLWLRQV LQ WKH PDUNHW� 7KH UH�
ODWLRQ EHWZHHQ LPSOLHG YRODWLOLW\ DQG VWULNH LV VWULFWO\ LQFUHDVLQJ IRU VWULNHV
VXUURXQGLQJ WKH FXUUHQW IRUZDUG SULFH ZKHQ WKLV IRUZDUG SULFH LV ZHOO DERYH
DYHUDJH� 7KH UHODWLRQ EHWZHHQ LPSOLHG YRODWLOLW\ DQG VWULNH LV 8�VKDSHG ZLWK
D PLQLPXP RFFXULQJ DW D VWULNH VRPHZKDW EHORZ WKH FXUUHQW IRUZDUG SULFH
ZKHQ WKLV IRUZDUG SULFH LV VOLJKWO\ DERYH DYHUDJH RU EHORZ DYHUDJH� 7KXV� LI
WKH VWRUDJH PRGHO DFFXUDWHO\ GHVFULEHV UHDO ZRUOG SULFLQJ SURFHVVHV� GLmXVLRQ
PRGHOV WKDW VSHFLI\ D UHODWLRQ EHWZHHQ IXQGDPHQWDO FRQGLWLRQV �DV PHDVXUHG
E\ WKH VSRW SULFH RU VSRW�IRUZDUG VSUHDG VLQFH WKH VWDWH YDULDEOHV LQ WKH VWRU�
DJH SUREOHP DUH OLNHO\ XQREVHUYDEOH WR WKH HFRQRPHWULFLDQ� DQG YRODWLOLW\
VKRXOG SURGXFH RSWLRQ SULFLQJ UHVXOWV VXSHULRU WR WKRVH JHQHUDWHG E\ PRGHOV
ZKLFK GR QRW HPEHG WKHVH IHDWXUHV�
)LQDOO\� WKH VWRUDJH PRGHO KDV LPSRUWDQW LPSOLFDWLRQV IRU WKH KHGJLQJ

RI FRPPRGLW\ SRVLWLRQV� %HFDXVH WKH YDULDQFH RI FRPPRGLW\ SULFHV DQG WKH
FRYDULDQFH EHWZHHQ VSRW DQG IRUZDUG SULFHV DUH VWDWH�GHSHQGHQW� KHGJH UDWLRV
ZLOO DOVR EH VWDWH�GHSHQGHQW LI WKHUH LV D PLV�PDWFK EHWZHHQ WKH PDWXULWLHV
RI WKH KHGJLQJ LQVWUXPHQW DQG WKH FODLP EHLQJ KHGJHG� 7KHVH YDULDWLRQV LQ
KHGJH UDWLRV LQ UHVSRQVH WR FKDQJHV LQ IXQGDPHQWDO PDUNHW FRQGLWLRQV FDQ EH
YHU\ ODUJH HYHQ LI WKH PDWXULW\ PLVPDWFK LV UHODWLYHO\ VPDOO�

�7KLV DUWLFOH IRFXVHV FRPPRGLWLHV WKDW DUH SURGXFHG FRQWLQXRXVO\� ,W LV
WKXV PRVW UHOHYDQW IRU WKH DQDO\VLV RI JRRGV VXFK DV LQGXVWULDO PHWDOV �H�J��
DOXPLQXP� RU HQHUJ\ SURGXFWV �H�J�� FUXGH RLO�� *LYHQ WKDW WKHVH DUH DPRQJ
WKH PRVW KHDYLO\ WUDGHG FRPPRGLWLHV LQ WKH ZRUOG� HYHQ WKLV IRFXVHG DQDO\VLV
LV RI FRQVLGHUDEOH LPSRUW� 7KHUH LV VRPH UHFHQW HPSLULFDO HYLGHQFH WKDW LV
FRQVLVWHQW ZLWK WKH EDVLF SUHGLFWLRQV RI WKH PRGHO� )RU H[DPSOH� DV WKH
WKHRU\ SUHGLFWV� HQHUJ\ DQG LQGXVWULDO PHWDOV SULFHV DUH PRUH YRODWLOH ZKHQ
VSRW�IRUZDUG VSUHDGV LQGLFDWH WKDW VXSSO\ FRQGLWLRQV DUH WLJKW WKDQ ZKHQ

�6HH 5XEHQVWHLQ ������� 'HUPDQ DQG .DQL ������� DQG &KULVV ������ IRU D GLVFXVVLRQ
RI YRODWLOLW\ VPLOHV�

�6HDVRQDOO\ SURGXFHG FRPPRGLWLHV� VXFK DV JUDLQV DQG RLOVHHGV� SUHVHQW DGGLWLRQDO FRP�
SOH[LWLHV� ,Q SDUWLFXODU� WKH SULFH IXQFWLRQV PXVW YDU\ E\ VHDVRQ� WKH SULFLQJ IXQFWLRQ LQ
WKH VSULQJ GLmHUV IURP WKDW LQ WKH IDOO� 7KLV VXEVWDQWLDOO\ LQFUHDVHV WKH FRPSXWDWLRQDO
FRVWV� 0RUHRYHU� H[SHFWHG KDUYHVW LV OLNHO\ WR EH D VWDWH YDULDEOH LQ WKH VHDVRQDO PRGHO�
7KLV LQFUHDVHV WKH GLPHQVLRQDOLW\ RI WKH SUREOHP DQG WKHUHIRUH LQFUHDVHV WKH FRPSXWDWLRQDO
EXUGHQ HYHQ IXUWKHU� 3LUURQJ �����E� SUHVHQWV DQDQDO\VLV RI SULFH EHKDYLRU LQ WKH PDUNHW
IRU D VHDVRQDOO\ SURGXFHG FRPPRGLW\� ,QWHUHVWLQJO\� YRODWLOLW\ SDWWHUQV DUH FRQVLGHUDEO\
GLmHUHQW IRU VHDVRQDO DQG FRQWLQXRXVO\ SURGXFHG FRPPRGLWLHV�
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�VSUHDGV LQGLFDWH DEXQGDQW VXSSO\�
7KH UHPDLQGHU RI WKLV DUWLFOH LV RUJDQL]HG DV IROORZV� 6HFWLRQ � SUHVHQWV

D VWRUDJH HTXLOLEULXP PRGHO WKDW LQFRUSRUDWHV FRQYH[� LQFUHDVLQJ PDUJLQDO
SURGXFWLRQ FRVWV DQG ERWK SHUVLVWHQW DQG WUDQVLWRU\ GHPDQG VKRFNV� 6HFWLRQ
� UHYLHZV WKH PDLQ UHVXOWV FRQFHUQLQJ WKH UHODWLRQ EHWZHHQ IXQGDPHQWDO FRQ�
GLWLRQV� SULFHV� VSUHDGV� YRODWLOLW\� DQG YRODWLOLW\ VNHZV� ,W DOVR GLVFXVVHV WKH
SURSHUWLHV RI YRODWLOLW\ HVWLPDWHG XVLQJ $5&+ DQG *$5&+ PRGHOV� 6HFWLRQ
� DQDO\]HV WKH DELOLW\ RI VWDQGDUG RSWLRQ SULFLQJ PRGHOV WR YDOXH RSWLRQV
DFFXUDWHO\ LQ WKH VWRUDJH HFRQRP\� 6HFWLRQ � VXPPDUL]HV WKH ZRUN�

� (TXLOLEULXP LQ D &RPPRGLW\ 0DUNHW ZLWK

6WRUDJH

7KLV VHFWLRQ SUHVHQWV D PRGHO RI SULFHV DQG VSUHDGV LQ D FRPSHWLWLYH PDUNHW
IRU D VWRUDEOH FRPPRGLW\� )RUPDOO\� WLPH LV LQGH[HG E\ W � I�� � � � ��J� 7R
IRFXV RQ VKRUW�WHUP SULFH G\QDPLFV� WKH PRGHO HQYLVLRQV VKRUW WLPH LQWHUYDOV
RQ WKH RUGHU RI D PRQWK RU ZHHN� LI QRW OHVV� 7KLV PRGHO DVVXPHV WKDW WKH
FRPPRGLW\ LV SURGXFHG LQ HYHU\ WLPH SHULRG�
$W HDFK SRLQW LQ WLPH� WKHUH LV D FRPSHWLWLYH PDUNHW IRU D FRPPRGLW\�

7KH LQYHUVH GHPDQG IRU WKH FRPPRGLW\ LV JLYHQ E\ '�F � ] � s � ZKHUH F LVW W W W

WKH DPRXQW RI WKH FRPPRGLW\ FRQVXPHG DW W� ' �F� ]� s� � �� ' �F� ]� s� w ��� ��

] LV D ?SHUVLVWHQW� GHPDQG VKRFN ZLWK ' �F� ]� s� ! �� DQG s LV D ?WUDQVLWRU\�W �

GHPDQG VKRFN� ZLWK ' �F� ]� s� ! �� ZKHUH VXEVFULSW L LQGLFDWHV WKH SDUWLDO�

GHULYDWLYH ZLWK UHVSHFW WR DUJXPHQW L� $OO DJHQWV REVHUYH WKH GHPDQG VKRFNV
SULRU WR WUDGH DW W DQG'�F� ]� s� LV SXEOLF LQIRUPDWLRQ� 7KH SHUVLVWHQW GHPDQG
GLVWXUEDQFHV KDYH FRPSDFW VXSSRUW =  I] � 5M b � � ] � ] � x] � �J�
= GHQRWHV WKH %RUHO VHWV RI =� 7KH VHTXHQFH RI UDQGRP GHPDQG VKRFNV I] JW

�LV D nUVW RUGHU 0DUNRY SURFHVV JHQHUDWHG E\ WKH WUDQVLWLRQ IXQFWLRQ 4�]� ] �
� �RQ �=�=�� ZKHUH 4�]� ] � KDV WKH )HOOHU SURSHUW\� ,Q WKH DQDO\VLV WKDW IRO�

ORZV� LW LV DVVXPHG WKDW 4 LV PRQRWRQH� 0RQWRQLFLW\ FDQ EH LQWHUSUHWHG DV
PHDQLQJ WKDW GHPDQG VKRFNV DUH SRVLWLYHO\ DXWRFRUUHODWHG� KHQFH WKH ?SHUVLV�
WHQW� QRPHQFODWXUH �6WRNH\ DQG /XFDV� ����� +RSHQKD\Q DQG 3UHVFRWW� �����

�1J DQG 3LUURQJ ������ ������ /LW]HQEHUJHU DQG 5DELQRZLW] ������� 3LUURQJ �������
�6WRNH\ DQG /XFDV ������ S� ���� VKRZ WKDW WKH DVVXPSWLRQ RI D nUVW�RUGHU 0DUNRY

SURFHVV UHVXOWV LQ QR ORVV RI JHQHUDOLW\ EHFDXVH DQ\ KLJKHU RUGHU 0DUNRY SURFHVV FDQ EH
H[SUHVVHG DV D nUVW�RUGHU SURFHVV ZLWK DQ H[SDQGHG VWDWH VSDFH�
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&KDPEHUV DQG %DLOH\� ������ 7KH H[LVWHQFH RI D SHUVLVWHQW FRPSRQHQW RI GH�
PDQG LV SODXVLEOH IRU FRQWLQXRXVO\ SURGXFHG LQGXVWULDO FRPPRGLWLHV �H�J��
FRSSHU� EHFDXVH WKH GRFXPHQWHG SHUVLVWHQFH RI UHDO LQFRPH VKRFNV VKRXOG
UHVXOW LQ SHUVLVWHQW GHPDQG VKRFNV IRU VXFK FRPPRGLWLHV� 6WDWH�GHSHQGHQW
GLVWULEXWLRQV RI GHPDQG VKRFNV DOVR SURYLGH PRUH LQWHUHVWLQJ WLPH VHULHV EH�
KDYLRU RI FRPPRGLW\ SULFHV� DQG DUH OLNHO\ QHHGHG WR H[SODLQ WKH KLJK DXWR�

�FRUUHODWLRQV REVHUYHG LQ FRPPRGLW\ SULFH GDWD�
7KH WUDQVLWRU\ VKRFNV s KDYH FRPSDFW VXSSRUW +  Is � 5M b � �

s � s � xs � �J� + GHQRWHV WKH %RUHO VHWV RI +� 7KH GHPDQG VKRFNV
Is J DUH L�L�G� ZLWK D SUREDELOLW\ PHDVXUH x�s � RQ �+�+�� 7KH ] DQG s DUHW W

LQGHSHQGHQW�
(DUOLHU DUWLFOHV LQ WKLV OLWHUDWXUH� LQFOXGLQJ 6FKLHQNPDQ DQG 6FKHFWPDQ

������� 'DQWKLQH ������� 'HDWRQ DQG /DURTXH ������� DQG PRVW RI :LOOLDPV
DQG :ULJKW ������ DVVXPH WUDQVLWRU\� L�L�G� GHPDQG VKRFNV� 0RUH UHFHQW SD�
SHUV� LQFOXGLQJ &KDPEHUV DQG %DLOH\ ������ DQG 'HDWRQ DQG /DURTXH ������
LQFOXGH SHUVLVWHQW GHPDQG VKRFNV� 1R H[WDQW ZRUN LQFOXGHV ERWK SHUVLVWHQW
DQG WUDQVLWRU\ GHPDQG VKRFNV� %RWK SHUPDQHQW DQG WUDQVLWRU\ VKRFNV DUH
LQFOXGHG LQ WKH PRGHO EHFDXVH D VLQJOH VKRFN PRGHO FDQQRW H[SODLQ VDOLHQW
IHDWXUHV RI HPSLULFDO FRPPRGLW\ SULFH EHKDYLRU� 6SHFLnFDOO\� D VLQJOH VKRFN
PRGHO FDQQRW H[SODLQ WKH UHODWLRQ EHWZHHQ VSRW�IRUZDUG VSUHDGV DQG WKH FRU�
UHODWLRQ EHWZHHQ VSRW DQG IRUZDUG SULFH FKDQJHV GRFXPHQWHG E\ 1J�3LUURQJ
������ ����� DQG 3LUURQJ �������
7KH FRPPRGLW\ PD\ EH SURGXFHG DW HDFK SRLQW LQ WLPH� ,I WKH DPRXQW

SURGXFHG DW WLPH W LV T � WRWDO SURGXFWLRQ FRVWV DUH &�T �� ZKHUH 0&�T � sW W W
� � �� �� ���& �T � ! �� 0& �T �  & �T � ! �� DQG 0& �T �  & �T � ! �� 7KDW LV�W W W W W

PDUJLQDO FRVWV DUH LQFUHDVLQJ DQG FRQYH[ LQ T � 7KLV FRVW VWUXFWXUH UHoHFWVW

OLPLWV RQ SURGXFWLRQ FDSDFLW\ DW DQ\ SRLQW LQ WLPH� 2XWSXW LV QRQ�QHJDWLYH�
L�H�� T w �� 7KLV SURGXFWLRQ WHFKQRORJ\ LV PRUH JHQHUDO WKDQ WKDW DQDO\]HGW

LQ WKH UHFHLYHG OLWHUDWXUH� H[WDQW DUWLFOHV W\SLFDOO\ DVVXPH SHUIHFWO\ LQHODVWLF
VXSSO\�
7KH FRPPRGLW\ LV VWRUDEOH DQG VWRUDJH LV FRVWO\� ,I DPRXQW V LV VWRUHG LQW

SHULRG W� RQO\ ��b p�V UHPDLQV DW WKH EHJLQQLQJ RI SHULRG W � �� 0RUHRYHU�W

VWRUDJH LV QRQ�QHJDWLYH� V w �� 7KLV QRQ�QHJDWLYLW\ FRQVWUDLQW LV FUXFLDO WRW

WKH XQGHUVWDQGLQJ WKH G\QDPLFV RI VWRUDEOHV SULFHV� ,I V ZDV VWRUHG DWWb�

Wb �� WKHQ WKH IROORZLQJ FRQGLWLRQ PXVW KROG LQ HTXLOLEULXP�
��b p�V � T b V  F �Wb� W W W

�6HH HVSHFLDOO\ 'HDWRQ DQG /DURTXH �������

�



,Q ZRUGV� FRQVXPSWLRQ DW W HTXDOV WKH VXP RI SURGXFWLRQ DQG FDUU\�LQ OHVV
FDUU\�RXW DW W�
$OO SURGXFHUV DQG FRQVXPHUV LQ WKH PDUNHW DUH SULFH WDNHUV� 7KDW LV� WKH

PDUNHW LV SHUIHFWO\ FRPSHWLWLYH� 0RUHRYHU� DOO PDUNHW SDUWLFLSDQWV DUH ULVN
QHXWUDO� %\ WKH 6HFRQG :HOIDUH 7KHRUHP WKH FRPSHWLWLYH HTXLOLEULXP LQ WKLV
PDUNHW LV 3DUHWR RSWLPDO� 7KHUHIRUH� GXH WR ULVN QHXWUDOLW\� LQ D FRPSHWLWLYH
HTXLOLEULXP IV J DQG IT J VROYH�W W

� WVXS ( Ih n *�V � T � V � ] � s �J ���W W W Wb� W WW �
V w��T w�W W

ZKHUH n  ��b p� �� �5�� 5 LV WKH ULVNOHVV UDWH RI LQWHUHVW� DQG

= T ���bp�V bVW WWb�

*�V � T � V � ] � s �  '�\� ] � s �G\ b &�T �W W Wb� W W W W W
�

7KDW LV� *��� HTXDOV WKH YDOXH RI FRQVXPSWLRQ QHW RI SURGXFWLRQ FRVWV� ,W LV
UHDGLO\ YHULnHG WKDW *��� LV LQFUHDVLQJ LQ V DQG FRQFDYH LQ LWV nUVW WKUHHWb�

DUJXPHQWV�
([SUHVVLRQ ��� FDQ EH UHZULWWHQ LQ IXQFWLRQDO HTXDWLRQ IRUP�

Y�[ � ] � s �  VXS *�V � T � V � ] � s � ���W W W W W Wb� W W
V w��T w�W W = =

�n Y�[ � ] � s �4�] � G] �x�Gs �W�� W�� W�� W W�� W��

ZKHUH [  ��b p�V �W Wb�

*LYHQ WKH DVVXPSWLRQV PDGH KHUH� WKHUH H[LVW DQ HTXLOLEULXP YDOXH IXQF�
�WLRQ Y�[ � ] � s � DQG SROLF\ IXQFWLRQV V�[ � ] � s � DQG T�[ � ] � s �� 7KH nUVW�W W W W W W W W W

RUGHU FRQGLWLRQV IRU ��� DUH XVHIXO LQ VROYLQJ IRU WKH YDOXH DQG SROLF\ IXQFWLRQV�
'HnQLQJ 3 �[� ]� s�  '>[� T�[� ]� s�b V�[� ]� s�� ]� s@ WKHVH FRQGLWLRQV DUH�

3 �[� ]� s� � 0&>T�[� ]� s�@ ���

ZLWK HTXDOLW\ ZKHQ T�[� ]� s� ! � DQG

= =
� � � �3 �[� ]� s� w n 3 >��b p�V�[� ]� s�� ] � s @4�]� G] �x�Gs � s n) �[� ]� s��

���

�6HH 3LUURQJ �����D� IRU SURRIV� 7KHVH SURRIV H[SORLW WKH FRQWUDFWLRQ PDSSLQJ WKHRUHP�

�



ZLWK HTXDOLW\ ZKHQ V�[� ]� s� ! �� ,Q ZRUGV� H[SUHVVLRQ ��� VWDWHV WKDW LQ
HTXLOLEULXP SULFH HTXDOV PDUJLQDO FRVW DQG H[SUHVVLRQ ��� VWDWHV WKDW LI VWRU�
DJH LV SRVLWLYH� SULFH HTXDOV WKH GLVFRXQWHG H[SHFWHG SULFH �ZKHUH GLVFRXQWLQJ
HQFRPSDVVHV ERWK VWRUDJH FRVW p DQG LQWHUHVW UDWH 5�� :KHQ V�[� ]� s�  �
WKH ?VSRW� SULFH RI WKH FRPPRGLW\ PD\ H[FHHG WKH GLVFRXQWHG H[SHFWHG VSRW
SULFH IRU QH[W SHULRG� ,Q WKH ULVN QHXWUDO HFRQRP\� WKLV H[SHFWHG VSRW SULFH
LV WKH RQH�SHULRG IRUZDUG SULFH UHSUHVHQWHG E\ ) �[� ]� s���

*LYHQ WKHVH IXQFWLRQV� LW LV SRVVLEOH WR GHWHUPLQH KRZ VSRW DQG IRUZDUG
SULFHV YDU\ ZLWK WKH VWDWH YDULDEOHV� ,W LV QRW SRVVLEOH WR VROYH IRU WKH YDOXH
DQG SROLF\ IXQFWLRQV LQ FORVHG�IRUP� VR LW LV QRW SRVVLEOH WR GHWHUPLQH WKH EH�
KDYLRU RI SULFH YDULDQFHV DQG FRUUHODWLRQV LQ FORVHG IRUP� ,QVWHDG� QXPHULFDO
PHWKRGV DUH UHTXLUHG� 7KH QH[W VHFWLRQ GHVFULEHV WKH PHWKRG HPSOR\HG WR
GHWHUPLQH WKH HTXLOLEULXP LQ D VWRUDJH HFRQRP\� , WKHQ SURFHHG WR GLVFXVV
WKH LPSOLFDWLRQV RI WKH VWRUDJH HTXLOLEULXP IRU FRPPRGLW\ SULFH YDULDQFHV
DQG FRUUHODWLRQV DQG FRPPRGLW\ RSWLRQ SULFHV�

� $ 1XPHULFDO $QDO\VLV RI 6KRUW�WHUP 3ULFH

'\QDPLFV IRU &RQWLQXRXVO\ 3URGXFHG 6WRUDEOH

&RPPRGLWLHV

'XH WR WKH GLpFXOW\ RI GHULYLQJ DQDO\WLFDOO\ WKH SURSHUWLHV RI HTXLOLEULD LQ
UHFXUVLYH G\QDPLF V\VWHPV OLNH WKDW VWXGLHG KHUH� LW LV VWDQGDUG WR HPSOR\
QXPHULFDO WHFKQLTXHV WR XQGHUVWDQG KRZ WKHVH V\VWHPV EHKDYH� )RU H[DPSOH�

�QXPHURXV VWXGLHV RI VWRFKDVWLF JURZWK PRGHOV HPSOR\ QXPHULFDO WHFKQLTXHV�
6LPLODUO\� LW LV VWDQGDUG WR VROYH VWRUDJH SUREOHPV QXPHULFDOO\� :LOOLDPV
DQG :ULJKW ������� 'HDWRQ DQG /DURTXH ������ ������ &KDPEHUV DQG %DLOH\
������� DQG 5RXWOHGJH� 6HSSL� DQG 6SDWW ������ DOO XWLOL]H QXPHULFDO WHFK�
QLTXHV WR VWXG\ VWRUDJH HTXLOLEULD LQ PRGHOV� +RZHYHU� WKHVH VWXGLHV GR QRW
IRFXV RQ KLJK IUHTXHQF\�VKRUW WHUP SULFH G\QDPLFV WKDW DUH RI JUHDW LQWHUHVW
DQG ZKLFK PXVW EH XQGHUVWRRG WR SULFH FRQWLQJHQW FODLPV RQ VWRUDEOH FRP�
PRGLWLHV� ,Q DGGLWLRQ� ZLWK WKH H[FHSWLRQ RI 5RXWOHGJH� 6HSSL� DQG 6SDWW WKH\
GR QRW LQFRUSRUDWH ERWK WUDQVLWRU\ DQG SHUVLVWHQW GHPDQG VKRFNV� 0RUHRYHU�
QRQH VWXG\ WKH LPSOLFDWLRQV RI LQFUHDVLQJ FRQYH[ PDUJLQDO FRVWV GHVSLWH WKH

�(OHYHQ DUWLFOHV LQ WKH -DQXDU\� ���� LVVXH RI WKH -RXUQDO RI %XVLQHVV DQG (FRQRPLF
6WDWLVWLFV SUHVHQW QXPHULFDO VROXWLRQV WR D QRQ�OLQHDU UDWLRQDO H[SHFWDWLRQV VWRFKDVWLF
JURZWK PRGHO� 7D\ORU DQG 8KOLJ ������ VXPPDUL]H WKHVH VWXGLHV�

�



IDFW WKDW WKHVH FRVW FRQGLWLRQV DUH SODXVLEO\ KLJKO\ UHOHYDQW IRU FRPPRGL�
WLHV VXFK DV LQGXVWULDO PHWDOV �H�J�� FRSSHU�� FUXGH RLO� KHDWLQJ RLO� JDVROLQH�
DQG QDWXUDO JDV EHFDXVH FDSDFLW\ FRQVWUDLQWV DUH OLNHO\ WR FUHDWH VXFK FRVW

��VWUXFWXUHV� )LQDOO\� WKH\ GR QRW DQDO\]H WKH LPSOLFDWLRQV RI VWDWH�GHSHQGHQW
YRODWLOLW\ IRU WKH RSWLRQ SULFLQJ DQG WKH LPSOLHG YRODWLOLWLHV RI FRPPRGLW\ RS�
WLRQV�
7KLV VHFWLRQ DGGUHVVHV WKHVH LVVXHV� , nUVW GHVFULEH EULHo\ WKH QXPHULFDO

PHWKRGRORJ\� , WKHQ VKRZ KRZ WKH SULFH IXQFWLRQV JHQHUDWHG E\ WKH VROXWLRQ
RI WKH VWRUDJH HTXLOLEULXP YDOXH DQG SROLF\ IXQFWLRQV FDQ FDQ EH HPSOR\HG
WR GHWHUPLQH VSRW DQG IRUZDUG SULFH YDULDQFHV DQG VSRW�IRUZDUG FRUUHODWLRQV
DV D IXQFWLRQV RI WKH VWDWH YDULDEOHV� , WKHQ GLVFXVV QXPHULFDO UHVXOWV ZKLFK
VKRZ KRZ VSRW DQG IRUZDUG SULFHV VWUXFWXUHV� VSRW DQG IRUZDUG SHUFHQWDJH
SULFH FKDQJH YDULDQFHV� DQG WKH SUREDELOLW\ GLVWULEXWLRQV RI VSRW DQG IRUZDUG
SHUFHQWDJH SULFH FKDQJHV FKDQJH DV GHPDQG DQG LQLWLDO VXSSO\ YDU\�

��� 0HWKRGRORJ\

7KH EDVLF FRQWRXUV RI WKH QXPHULFDO VROXWLRQ RI UHFXUVLYH G\QDPLF HFRQRPLF
PRGHOV DUH IDLUO\ ZHOO XQGHUVWRRG� VR RQO\ D EULHI GHVFULSWLRQ RI WKH PHWKRG�
RORJ\ LV UHTXLUHG� 7KHUH DUH WKUHH VWDWH YDULDEOHV� D SHUVLVWHQW VKRFN ]� D
WUDQVLWRU\ VKRFN s� DQG LQLWLDO LQYHQWRU\ [� 7KH SURFHVV IRU WKH SHUVLVWHQW
VKRFN LV DVVXPHG WR EH�

c]  �|b ��] �cY ���W Wb� W

ZKHUH DQG cY LV DQ L�L�G� QRUPDO VKRFN ZLWK PHDQ ]HUR DQG YDULDQFH cW�W

)XUWKHUPRUH� s LV D ZKLWH QRLVH WUDQVLWRU\ VKRFN�W

cs  bs �cZ ���W Wb� W

ZKHUH cZ LV DQRWKHU L�L�G� SURFHVV ZLWK ]HUR PHDQ DQG YDULDQFH cW� $VVXPHW

WKDW cY DQG cZ DUH XQFRUUHODWHG�W W

7KH nUVW VWHS RI WKH DQDO\VLV LV WR GLVFUHWL]H WKH SUREOHP E\ HVWDEOLVKLQJ
D JULG LQ ]� s� DQG [�
7KH YDOXHV RI WKH JULG LQ ] DUH ERXQGHG E\ ���� DQG ���� DQG DUH HTXDOO\

VSDFHG ZLWK LQFUHPHQWV c]� 7KHUH DUH 1 SRLQWV DORQJ WKH JULG�]

$  Ib����b��� � c]�b��� � �c]� � � � � ���bc]� ���J�
��%UHVQHKDQ DQG 6XVORZ ������� 3LQG\FN �������

�



'HnQH ]  b��� � �M b ��c]� 7KH WUDQVLWLRQ SUREDELOLW\ PDWUL[ IRU ] LVM

FRQVWUXFWHG DV IROORZV�

{�] � ] � s 3U>]  ] M]  ] @  1�q �b1�q � ���M N W�� N W M � �

ZKHUH
q  ��>] � ] @b |]� N�� N M

DQG
q  ��>] � ] @b |]� N Nb� M

ZKHUH q LV DQ L�L�G� XQLW QRUPDO YDULDWH� 7KDW LV� LI ]  ] � �L�H�� WKH LQLWLDOW M

YDOXH RI ] LV DW WKH M
WK SRLQW RQ WKH ] JULG� WKH SUREDELOLW\ WKDW WKH YDOXH RI
] LQ WKH QH[W SHULRG LV ]  ] �L�H�� LV DW WKH N
WK SRLQW RQ WKH JULG� HTXDOVW�� N

WKH SUREDELOLW\ WKDW D VWDQGDUG QRUPDO YDULDWH IDOOV LQ DQ LQWHUYDO RI OHQJWK
��c] FHQWHUHG RQ ] b |] �N M

7KH YDOXHV RI s DUH DOVR ERXQGHG E\ ���� DQG ���� DQG DUH HTXDOO\ VSDFHG
ZLWK LQFUHPHQWV cs� 7KHUH DUH 1 SRLQWV LQ WKH s GLPHQVLRQ RI WKH JULG�s

&DOO s  b��� � �M b ��cs� ,Q WKH GLVFUHWL]DWLRQ�M

S�s � s � s 3U>s  s Ms  s @  1�H �b1�H � ���M N W�� N W M � �

ZKHUH
H  ���s � s �� N�� N

DQG
H  ���s � s �� N Nb�

7KDW LV� WKH SUREDELOLW\ WKDW WKH GHPDQG VKRFN ZLOO HTXDO s JLYHQ WKDW LWVN

SUHYLRXV YDOXH ZDV s LV HTXDO WR WKH SUREDELOLW\ WKDW DQ L�L�G� VWDQGDUGM

QRUPDO YDULDWH ZLOO IDOO LQ DQ LQWHUYDO RI OHQJWK cs FHQWHUHG RQ s �N
)RU HDFK YDOXH RI ] DQG s LQ WKH JULG� YDOXHV RI [ DUH VSUHDG HTXDOO\ DORQJ

WKH LQWHUYDO >�� [ @ ZKHUH [ LV GHWHUPLQHG LQ D WULDO DQG HUURU SURFHVVPD[ PD[

WKDW HQVXUHV WKDW HTXLOLEULXP VWRUDJH QHYHU H[FHHGV [ LQ ORQJ VLPXODWLRQPD[

UXQV�
'HPDQG IXQFWLRQV DUH OLQHDU LQ ERWK FRQVXPSWLRQ DQG WKH GHPDQG VKRFNV�

'�[� T b V� ]� s�  Db E�[� T b V� � } ] � } s�] s

��6HH 'HDWRQ DQG /DURTXH ������ IRU D VLPLODU GLVFUHWL]DWLRQ RI DQ $5� SURFHVV�

�



7KH } DQG } DUH SDUDPHWHUV WKDW PHDVXUH WKH VHQVLWLYLW\ RI GHPDQG WR] s
��SHUVLVWHQW DQG WUDQVLWRU\ VKRFNV� &RVW IXQFWLRQV DUH RI WKH IRUP�

�
&�T�  t � �

o b T

7KLV FRVW IXQFWLRQ H[KLELWV LQFUHDVLQJ DQG FRQYH[ PDUJLQDO FRVWV IRU T � o�
o UHSUHVHQWV D SURGXFWLRQ FDSDFLW\ FRQVWUDLQW�
*LYHQ WKH JULG DQG GHPDQG DQG FRVW IXQFWLRQV� DQ LQLWLDO JXHVV IRU WKH

IXQFWLRQV 3 �[� ]� s� LV IRUPHG LQ WKUHH VWHSV� �7KHUH LV RQH VXFK IXQFWLRQ IRU
HDFK SDLU I]� sJ�� )LUVW� IRU HDFK YDOXH RI [ LW LV DVVXPHG WKDW V�[� ]� s�  
��[� 6HFRQG� JLYHQ WKLV JXHVV� nUVW RUGHU FRQGLWLRQ ��� LV VROYHG IRU T� 7KLV
GHWHUPLQHV WKH SULFH DW HDFK RI WKH [ SRLQWV RQ WKH JULG� $ IRXUWK RUGHU
SRO\QRPLDO LQ [ LV nW WR WKHVH SULFHV XVLQJ 2/6� DQG WKH UHVXOWLQJ SRO\QRPLDO
IXQFWLRQ 3 �[� ]� s� LV XVHG DV WKH LQLWLDO JXHVV IRU WKH SULFLQJ IXQFWLRQ IRU WKLV
I]� sJ SDLU�
*LYHQ DQ LQLWLDO JXHVV IRU WKH SULFH IXQFWLRQV� IRU HDFK ]� s DQG [ LQ WKH

JULG� WKH IROORZLQJ HTXDWLRQV DUH VROYHG �XVLQJ WKH 1HZWRQ�5DSKVRQ PHWKRG�
IRU V DQG T�

�'�[� T b V� ]� s�  & �T�

1s1]; ;
'�[� T b V� ]� s�  n {�]� ] �S�s �3 >��b p�V� ] � s @  n) �[� ]� s��N L N L �

L �N �

7KH nUVW HTXDWLRQ HTXDWHV SULFH DQG PDUJLQDO FRVW� 7KH VHFRQG UHTXLUHV SULFH
WR HTXDO H[SHFWHG SULFH� ,I V�[� ] � s � ! �� WKHQ SULFH DW WKLV JULG SRLQW LV VHWM M

WR '>[ � T�[� ] � s� b V�[� ] � s�@� ,I V�[� ] � s� � �� V�[� ] � s�  � DQG SULFHM M M M

DW WKLV JULG SRLQW HTXDOV '>[� T�[� ] � s�@� $IWHU GHWHUPLQLQJ SULFHV DW HDFKM

QRGH RI WKH JULG� IRU HDFK I]� sJ D IRXUWK RUGHU SRO\QRPLDO LQ [ LV nW WR WKHVH
SULFHV XVLQJ 2/6� 7KHVH QHZ SRO\QRPLDOV DUH XVHG DV WKH 3 �[� ]� s� IXQFWLRQV
LQ WKH QH[W LWHUDWLRQ DQG WKH SURFHVV LV UHSHDWHG� 7KH SURFHVV VWRSV ZKHQ
WKH DYHUDJH DEVROXWH SHUFHQWDJH SULFH FKDQJH EHWZHHQ LWHUDWLRQV LV VPDOO �H�J��
���� SHUFHQW��

e8SRQ FRQYHUJHQFH WKLV SURFHVV GHnQHV D VSRW SULFH VXUIDFH 3 �[� ]� s��
8VLQJ WKLV VXUIDFH� LW LV SRVVLEOH WR VWXG\ KRZ H[SHFWHG SULFHV� VSRW DQG
IRUZDUG SULFH YRODWLOLWLHV� DQG VSRW DQG IRUZDUG SULFH GLVWULEXWLRQV YDU\ ZLWK

��,W LV HTXLYDOHQW WR DVVXPH WKDW �D� GHPDQG LV D b E�[ � T b V� � ] � s DQG �E� WKH
�YDULDQFH RI WKH ] SURFHVV LQ ��� LV } cW DQG WKDW WKH YDULDQFH RI WKH s SURFHVV LQ ��� LV]

�} cW�s

��



IXQGDPHQWDO VXSSO\ DQG GHPDQG FRQGLWLRQV PHDVXUHG E\ WKH VWDWH YDULDEOHV
[� ]� DQG s�

��� 3ULFH 9DULDQFHV DQG &RUUHODWLRQV LQ WKH 6WRUDJH
(FRQRP\

e7KH HTXLOLEULXP SULFH VXUIDFH 3 �[� ]� s� FDQ EH XVHG WR GHWHUPLQH WKH FKDU�
DFWHULVWLFV RI FRPPRGLW\ SULFH G\QDPLFV� 7KH HTXLOLEULXP SULFH VXUIDFH DQG
WUDQVLWLRQ SUREDELOLWLHV DOVR LPSO\ D IRUZDUG SULFH IXQFWLRQ ) �[� ]� s� W� 7 �
WKDW JLYHV WKH IRUZDUG SULFH RI WKH FRPPRGLW\ DV RI WLPH W IRU GHOLYHU\ DW DQ\
WLPH 7 ! W� 7KLV VXUIDFH FDQ EH HPSOR\HG WR GHWHUPLQH WKH YDULDQFH RI WKH
IRUZDUG SULFH DQG WKH FRUUHODWLRQ EHWZHHQ VSRW DQG IRUZDUG SULFHV�

e$SSO\LQJ D 7D\ORU H[SDQVLRQ WR 3 �[� ]� s� DQG ) �[� ]� s� W� 7 �� VXEVWLWXW�
LQJ IURP ��� DQG ���� DQG LJQRULQJ WHUPV RI R�cW� LPSOLHV�

e e e e ec3  3 �|b ��] b 3 s � 3 cY � 3 cZ ���Wb� Wb� W W] s ] s

c)  ) �|b ��] b ) s � ) cY � ) cZ � ����W ] Wb� s Wb� ] W s W

7KH YDULDQFHV RI WKH VSRW DQG IRUZDUG SULFH FKDQJHV �LJQRULQJ WHUPV RI
R�cW�� DUH�

e e �(�c3 b(c3 �� e� e�} s  3 � 3 ����e3 ] scW
�(�c) b (c) �� � �} s  ) � ) � ����) ] scW

7KH FRYDULDQFH EHWZHHQ VSRW DQG IRUZDUG SULFH FKDQJHV LV�

e e eFRY�c) �c3 �  ) 3 � ) 3 � ����W ] sW ] s

7KH FRUUHODWLRQ EHWZHHQ WKH VSRW DQG IRUZDUG SULFH FKDQJHV LV WKHUHIRUH�

e e) 3 � ) 3] s] se TFRUU�c) �c3 �  � ����W W
� � e� e��) � ) ��3 � 3 �] s ] s

7KHUHIRUH� E\ WDNLQJ WKH SDUWLDO GHULYDWLYHV RI WKH VSRW DQG IRUZDUG SULFH
IXQFWLRQV JHQHUDWHG E\ WKH VROXWLRQ WR WKH VWRUDJH SUREOHP LW LV SRVVLEOH WR
HVWLPDWH WKH YDULDQFHV RI VSRW DQG IRUZDUG SULFHV DQG WKH FRUUHODWLRQ EHWZHHQ

��WKHP�
��$Q H[DPLQDWLRQ RI ���� VKRZV WKDW PXOWLSOH VKRFNV DUH UHTXLUHG WR JHQHUDWH FRUUHOD�

WLRQV RWKHU WKDQ ��� �� RU ���

��



6LQFH VSRW DQG IRUZDUG SULFHV DUH D IXQFWLRQ RI WKH VWDWH RI WKH HFRQRP\
�DV PHDVXUHG E\ FDUU\�LQ [� DQG GHPDQG VKRFNV s DQG ]�� WKH IRUHJRLQJ H[�
SUHVVLRQV LPSO\ WKDW YDULDQFHV DQG FRUUHODWLRQV VKRXOG EH VWDWH�GHSHQGHQW DV
ZHOO� 7KH QH[W VHFWLRQ GHPRQVWUDWHV WKDW WKLV LV LQGHHG WKH FDVH LQ WKH QX�
PHULFDO VROXWLRQ RI WKH VWRUDJH SUREOHP� , WKHQ VKRZ WKDW WKLV KDV LPSRUWDQW
LPSOLFDWLRQV IRU GHULYDWLYHV SULFLQJ�

��� )XQGDPHQWDOV DQG &RPPRGLW\ 3ULFH '\QDPLFV

)LJXUHV ��� SUHVHQW W\SLFDO UHVXOWV IRU D QXPHULFDO LPSOHPHQWDWLRQ RI WKH
PRGHO� 7KH SDUDPHWHUV XVHG WR FRQVWUXFW WKH )LJXUHV ZHUH� |  ��� D  ���
E  ��� }  ��� }  ��� t  ��� �  �� DQG o  ���� $OWKRXJK WKH] s

H[DFW UHVXOWV DUH XQLTXH WR WKHVH SDUDPHWHUV� DOO RI WKH QXPHURXV SDUDPHWHU
FRPELQDWLRQV VWXGLHG SURGXFH VLPLODU TXDOLWDWLYH UHVXOWV VR WKRVH SUHVHQWHG
DUH UHSUHVHQWDWLYH� 7KH SDUDPHWHUV DUH FDOLEUDWHG WKURXJK D WULDO�DQG�HUURU
SURFHVV WR JLYH UHDVRQDEOH ZHHNO\ YRODWLOLWLHV �H�J�� ZHHNO\ YRODWLOLHV RI WKH
PDJQLWXGHV REVHUYHG LQ WKH FRSSHU DQG RLO PDUNHWV�� 7KHUHIRUH� WKH YDOXHV
RI 5 DQG p DUH UHDVRQDEOH HVWLPDWHV RI ZHHNO\ LQWHUHVW DQG VWRUDJH FKDUJHV�
VSHFLnFDOO\� 5  ���� DQG p  ����� &RPSXWDWLRQDO FRQVLGHUDWLRQV OHDG WR D
FKRLFH RI 1  1  ��] s

e)LJXUH � LOOXVWUDWHV KRZ HTXLOLEULXP VSRW SULFHV 3 YDU\ ZLWK WKH VWDWH
YDULDEOHV� 7KH ?'HPDQG ,QGH[� D[LV JLYHV DQ RUGLQDO PHDVXUH RI WKH GHPDQG
VWDWH� 7KH GHPDQG LQGH[ LV �M b ��1 � L ZKHUH M � 1 LV WKH SHUPDQHQW] ]

GHPDQG VKRFN LQGH[ YDOXH DQG L � 1 LV WKH WUDQVLWRU\ GHPDQG VKRFN LQGH[s

YDOXH� 7KLV VWUXFWXUH H[SODLQV WKH VDZWRRWK FRQnJXUDWLRQ RI WKH JUDSK� $V
RQH PRYHV DZD\ IURP WKH RULJLQ DORQJ WKH GHPDQG LQGH[ D[LV� WKH WUDQVL�
WRU\ VKRFN YDOXH LQFUHDVHV ZKLOH WKH SHUVLVWHQW VKRFN YDOXH UHPDLQV FRQVWDQW
XQWLO WKH WUDQVLWRU\ VKRFN UHDFKHV s � 7KH SHUVLVWHQW GHPDQG VKRFN LQGH[1s

WKHQ LQFUHDVHV E\ RQH DQG WKH WUDQVLWRU\ VKRFN YDOXH IDOOV WR s � 7KH SURFHVV�

UHSHDWV XQWLO WKH ODVW SRLQW RQ WKLV D[LV� ZKLFK PHDVXUHV SULFHV IRU WKH PD[�
LPXP YDOXHV RI WKH SHUVLVWHQW DQG WUDQVLWRU\ GHPDQG VKRFNV� 7KH ?6WRUDJH
,QGH[� LV DQ RUGLQDO PHDVXUH RI FDUU\�LQ� ZLWK D YDOXH RI � FRUUHVSRQGLQJ WR
]HUR FDUU\�LQ DQG D YDOXH RI �� FRUUHVSRQGLQJ WR [ �PD[

7KH nJXUHV VKRZ WKDW IRU JLYHQ YDOXHV RI s DQG ]� SULFHV DUH GHFUHDVLQJ
DQG FRQYH[ LQ [� 0RUHRYHU� IRU JLYHQ [ DQG ] �s� SULFHV DUH LQFUHDVLQJ DQG
FRQYH[ LQ s �]�� 7KXV� JUHDWHU VFDUFLW\ LPSOLHV KLJKHU SULFHV� DQG DQ LQFUHDVH
LQ VFDUFLW\ �D ULVH LQ ] RU s RU D IDOO LQ [� UDLVHV SULFHV DW DQ LQFUHDVLQJ UDWH�
7KLV FXUYDWXUH UHoHFWV LQ ODUJH SDUW WKH FRQYH[LW\ RI PDUJLQDO FRVWV�

��



)LJXUH � GHSLFWV WKH VSUHDG EHWZHHQ WKH VSRW SULFH DQG WKH WZR�SHULRG
IRUZDUG SULFH� 7KH WZR�SHULRG IRUZDUG SULFH LV GHWHUPLQHG XVLQJ LWHUDWHG
H[SHFWDWLRQV� 7KH VROXWLRQ WR WKH RULJLQDO G\QDPLF SURJUDP JHQHUDWHV ERWK
3 �[� ]� s� DQG ) �[� ]� s� ZKHUH 3 LV WKH VSRW SULFH DQG ) WKH RQH�SHULRG� �

IRUZDUG SULFH� 7KH WZR�SHULRG IRUZDUG SULFH LV WKH H[SHFWDWLRQ RI WKH RQH
SHULRG IRUZDUG SULFH RQH SHULRG KHQFH�

1];
) �[� ]� s�  { �]� ] �S�s�) >��b p�V�[� ]� s�� ]� s@�� ] M �

M �

1RWH WKDW WKH VSRW�IRUZDUG VSUHDG� GHnQHG DV ) b 3 � H[KLELWV ZKDW LV�

VRPHWLPHV UHIHUUHG WR DV D ?VXSSO\ RI VWRUDJH� UHODWLRQ EHWZHHQ VSRW�IRUZDUG
VSUHDGV DQG FDUU\�LQ� 6SHFLnFDOO\� IRU D JLYHQ ] DQG s� ) b3 LV DQ LQFUHDVLQJ��

FRQFDYH IXQFWLRQ RI [� 0RUHRYHU� WKLV VSUHDG LV DOVR D GHFUHDVLQJ� FRQFDYH
IXQFWLRQ RI ] DQG s� 7KLV UHODWLRQ LV REVHUYHG LQ PDQ\ PDUNHWV� )LJXUH �
GHSLFWV DQ HPSLULFDO VXSSO\ RI VWRUDJH FXUYH UHODWLQJ WKH VSRW�WKUHH PRQWK
VSUHDG DQG H[FKDQJH ZDUHKRXVHV IRU OHDG� 7KHUH LV D FOHDU LQFUHDVLQJ� FRQ�
FDYH UHODWLRQ EHWZHHQ WKH VSUHDG DQG FDUU\�LQ� 7KHUH LV VRPH VFDWWHU LQ WKH
SRLQWV� 7KLV UHoHFWV WKH IDFW WKDW GHPDQG DOVR LQoXHQFHV WKH VSUHDG� $V D
FRQVHTXHQFH� IRU D JLYHQ OHYHO RI FDUU\�LQ WKH VSUHDG LV ORZHU ZKHQ GHPDQG
LV ORZ WKDQ ZKHQ LW LV KLJK�
)LJXUH � LV WKH FUXFLDO H[KLELW LQ WKH DQDO\VLV EHFDXVH LW GHSLFWV WKH UHODWLRQ

EHWZHHQ IXQGDPHQWDOV DQG SHUFHQWDJH SULFH FKDQJH YDULDQFH� ([SUHVVLRQ ����
LPSOLHV WKDW

e� e�e 3 � 3c3 ] sWYDU� �  � ����
e e�3 3W W

7KH SDUWLDO GHULYDWLYHV LQ WKH H[SUHVVLRQ DUH HYDOXDWHG DW HDFK SRLQW RQ WKH
��JULG XVLQJ DQ LPSOLFLW nQLWH GLmHUHQFH DSSUR[LPDWLRQ� 7KDW LV� IRU 1 !]

��8VLQJ SDUWLDO GHULYDWLYHV WR FDOFXODWH WKH YDULDQFHV DQG FRUUHODWLRQV LV VXEVWDQWLDOO\
IDVWHU FRPSXWDWLRQDOO\ WKDQ FDOFXODWLQJ WKH PRPHQWV GLUHFWO\ IURP WKH SULFH IXQFWLRQ DQG
WKH WUDQVLWLRQ SUREDELOLW\ PDWUL[� 0RUHRYHU� WKH SDUWLDO GHULYDWLYH DSSURDFK SURYLGHV VRPH
LQWXLWLRQ XQGHUO\LQJ WKH UHVXOWV� )RU LQVWDQFH� LW LV TXLWH LQWXLWLYH WKDW SULFHV DUH PRUH
VHQVLWLYH WR GHPDQG VKRFNV ZKHQ GHPDQG LV KLJK DQG�RU VWRFNV DUH ORZ WKDQ ZKHQ GHPDQG
LV ORZ DQG�RU VWRFNV DUH KLJK� 7KH SDUWLDO GHULYDWLYH UHSUHVHQWDWLRQ UHDGLO\ WUDQVODWHV WKLV
UHVXOW LQWR DQ XQGHUVWDQGLQJ RI WKH HmHFW RI GHPDQG DQG VXSSO\ FRQGLWLRQV RQ YDULDQFHV
DQG FRUUHODWLRQV� 'LUHFW FDOFXODWLRQ RI PRPHQWV ZDV SHUIRUPHG IRU VHYHUDO LPSOHPHQWDWLRQV
RI WKH PRGHO� 7KHVH PRPHQWV ZHUH FRPSDUHG WR WKRVH GHULYHG XVLQJ WKH SDUWLDO GHULYDWLYH
DSSURDFK� 7KH UHVXOWV DUH YLUWXDOO\ LGHQWLFDO�

��
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7KH SDUWLDO GHULYDWLYH ZLWK UHVSHFW WR s� 3 � LV VLPLODUO\ GHnQHG DW HDFK SRLQWs

RQ WKH JULG�
)LJXUH � VKRZV WKDW WKH VSRW UHWXUQ YDULDQFH LQFUHDVHV ZLWK s �IRU JLYHQ ]

DQG [�� GHFOLQHV ZLWK [ �IRU JLYHQ ] DQG s�� DQG LQFUHDVHV ZLWK ] �IRU JLYHQ s
DQG [�� 9DULDQFH LQFUHDVHV DW DQ LQFUHDVLQJ UDWH ZKHQ ] RU s ULVHV DQG ZKHQ
[ IDOOV� :KHQ GHPDQG LV KLJK DQG LQLWLDO VXSSOLHV ORZ� YRODWLOLW\ LV YHU\ KLJK�
,QGHHG� YRODWLOLW\ LV PDQ\ RUGHUV RI PDJQLWXGH ODUJHU ZKHQ [ { �� ] { ����
DQG s { ��� WKDQ ZKHQ [ { [ � ] { b���� DQG s { b���� 7KH YDULDQFHPD[

ZKHQ GHPDQG LV DW LWV PD[LPXP DQG FDUU\�LQ LV ]HUR LV ��� WLPHV JUHDWHU
WKDQ ZKHQ GHPDQG LV DW LWV PLQLPXP DQG FDUU\�LQ LV ODUJHU WKDQ LWV PHDQ LQ
ORQJ VLPXODWLRQ UXQV� (PSLULFDO YDULDQFHV IRU LQGXVWULDO PHWDOV SUHVHQWHG LQ
1J�3LUURQJ ������ H[KLELW VXFK ZLGH YDULDWLRQV�
$ FRPSDULVRQ RI )LJXUHV �� �� DQG � UHYHDOV D FORVH UHODWLRQ EHWZHHQ

YRODWLOLW\� SULFHV� DQG VSUHDGV� 9RODWLOLW\ LV KLJK ZKHQ SULFHV DUH KLJK DQG
VSRW�IRUZDUG VSUHDGV DUH ZLGH� 7KH UHODWLRQ EHWZHHQ VSUHDGV DQG YRODWLO�
LW\ H[KLELWHG LQ WKH nJXUHV LV YLUWXDOO\ LGHQWLFDO WR WKH HPSLULFDO SDWWHUQ
IRXQG E\ 1J DQG 3LUURQJ IRU IRXU LQGXVWULDO PHWDOV �FRSSHU� DOXPLQXP� OHDG�
DQG ]LQF� ����� DQG UHnQHG SHWUROHXP SURGXFWV �KHDWLQJ RLO DQG JDVROLQH�
������ /LW]HQEHUJHU DQG 5DELQRZLW] ������ GHPRQVWUDWH WKDW FUXGH RLO LP�
SOLHG YRODWLOLW\ YDULHV FORVHO\ ZLWK EDFNZDUGDWLRQ� YRODWLOLW\ LPSOLHG E\ FUXGH
RLO IXWXUHV RSWLRQV LV KLJKHU� WKH JUHDWHU WKH EDFNZDUGDWLRQ LQ WKH PDUNHW�
7KLV nQGLQJ LV FRQVLVWHQW ZLWK WKHLU WKHRU\
V LPSOLFDWLRQV� DOWKRXJK /LW]HQ�
EHUJHU DQG 5DELQRZLW]
V H[SODQDWLRQ RI WKH SKHQRPHQRQ GLmHUV IURP WKDW
DGYDQFHG KHUH�
7KH QXPHULFDO DQDO\VLV DOVR GHPRQVWUDWHV WKDW WKH YRODWLOLW\ RI WKH VSRW

SULFH LV QHYHU VPDOOHU WKDQ WKH YRODWLOLW\ RI WKH IRUZDUG SULFH� WKDW WKHVH

��



YRODWLOLWLHV DUH DOPRVW LGHQWLFDO ZKHQ [ LV ODUJH� DQG WKDW WKH GLmHUHQFH EH�
��WZHHQ VSRW DQG IRUZDUG YRODWLOLW\ LV LQFUHDVLQJ LQ SULFH�

)LQDOO\� )LJXUH � VKRZV WKDW WKH UHODWLRQ EHWZHHQ FDUU\�LQ� GHPDQG� DQG
WKH FRUUHODWLRQ EHWZHHQ VSRW DQG IRUZDUG UHWXUQV LV FRQVLVWHQW ZLWK WKH FRQ�
MHFWXUHV PDGH LQ VHFWLRQ � DQG VRPH H[LVWLQJ HPSLULFDO HYLGHQFH� )LJXUH �

e eGHSLFWV FRUU�c3  3 �c)  ) �� $V EHIRUH� WKH SDUWLDO GHULYDWLYHV QHHGHG WR� �

HYDOXDWH WKLV FRUUHODWLRQ XVLQJ ���� DUH DSSUR[LPDWHG XVLQJ DQ LPSOLFLW nQLWH
GLmHUHQFH VFKHPH� 1RWH WKDW FRUUHODWLRQ LV QHDUO\ ���� ZKHQ FDUU\�LQ LV ODUJH�
DQG�RU GHPDQG LV ORZ� +RZHYHU� ZKHQ FDUU\�LQ LV ORZ� WKH FRUUHODWLRQ WHQGV
WR IDOO DV GHPDQG ULVHV� 6LPLODUO\� IRU D JLYHQ OHYHO RI GHPDQG� WKH FRUUHOD�
WLRQ WHQGV WR IDOO DV FDUU\�LQ GHFOLQHV� 7KLV GHFOLQH LQ FRUUHODWLRQ EHFRPHV
SUHFLSLWRXV DV FDUU\�LQ DSSURDFKHV �� $ FRPSDULVRQ RI nJXUHV �� �� DQG � UH�
YHDOV WKDW WKH VSRW�IRUZDUG FRUUHODWLRQ LV W\SLFDOO\ KLJK ZKHQ SULFHV DUH ORZ
DQG EDFNZDUGDWLRQ LV VPDOO� &RQYHUVHO\� WKH VSRW�IRUZDUG FRUUHODWLRQ LV ORZ
ZKHQ SULFHV DUH KLJK DQG EDFNZDUGDWLRQ LV VHYHUH� 7KLV LV FRQVLVWHQW ZLWK
WKH HPSLULFDO HYLGHQFH IURP PHWDOV PDUNHWV SUHVHQWHG E\ 1J�3LUURQJ �������
DQG IRU HQHUJ\ PDUNHWV E\ 1J�3LUURQJ ������ DQG 3LUURQJ �������
7KH LQWXLWLRQ EHKLQG WKH EHKDYLRU RI WKH FRUUHODWLRQ LV UHDGLO\ XQGHUVWRRG�

:KHQ V �[ � ] � s �  � �L�H�� WKH RSWLPDO VROXWLRQ WR WKH VWRUDJH SUREOHP DWW W W W

W GLFWDWHV ]HUR FDUU\RYHU�� )  � DQG 3 ! �� )  � ZKHQ WKHUH LV QRs s s

VWRUDJH EHFDXVH D SXUHO\ WUDQVLWRU\ VKRFN FDQ KDYH QR HmHFW RQ IRUZDUG SULFHV�
VWRUDJH LV WKH RQO\ OLQN EHWZHHQ WUDQVLWRU\ GHPDQG VKRFNV DQG SULFHV� DQG
WKLV OLQNDJH LV EURNHQ ZKHQ WKHUH LV D VWRFNRXW� 7KXV� E\ ���� WKH FRUUHODWLRQ
LV OHVV WKDQ ���� LQ WKLV FDVH� &RQYHUVHO\� ZKHQ FDUU\�LQ LV LPPHQVH� )  ) {]
e e e e3  3 { )  ) { 3  3 � 7KLV LV WUXH EHFDXVH ZLWK VWRUDJH� WKH GLVWLQFWLRQs] s

EHWZHHQ WUDQVLWRU\ DQG SHUVLVWHQW VKRFNV LV WULYLDO� VWRUDJH FDXVHV WUDQVLWRU\
VKRFNV WR KDYH D SHUVLVWHQW HmHFW� 0RUHRYHU� ZKHQ VWRUDJH LV KLJK� DUELWUDJH
HQVXUHV WKDW VSRW DQG IRUZDUG SULFHV WHQG WR PRYH LQ VLPLODU SURSRUWLRQV
ZKHQ GHPDQG FKDQJHV� 7KLV JHQHUDWHV D VSRW�IRUZDUG FRUUHODWLRQ RI QHDUO\
�����
5HSHDWHG H[SHULPHQWDWLRQ ZLWK WKH PRGHO VKRZV WKDW VXSSO\ FRQGLWLRQV

DUH FUXFLDO LQ GHWHUPLQLQJ WKH EHKDYLRU RI YRODWLOLW\ DQG VSRW�IRUZDUG FRUUH�

��7KH UHOHYDQW JUDSKV WKDW LOOXVWUDWH WKHVH SRLQWV DUH RPLWWHG� EXW DUH DYDLODEOH RQ
UHTXHVW IURP WKH DXWKRU� %\ YRODWLOLW\ , PHDQ WKH VWDQGDUG GHYLDWLRQ LQ WKH SHUFHQWDJH
SULFH FKDQJHV� ,W LV SRVVLEOH WKDW WKH YDULDQFH RI IRUZDUG SULFH FKDQJHV H[FHHGV WKH YDULDQFH
RI VSRW SULFH FKDQJHV EHFDXVH WKH IRUZDUG SULFHV VRPHWLPHV H[FHHG VSRW SULFHV� 1RWH WKDW

e e e eZKHQ VWRFNV DUH YHU\ ODUJH ) { 3  n� 7KHUHIRUH� G) ) { G3  n 3  n  G3  3 ZKLOH
e eG)  G3  n ! G3 �

��



ODWLRQV� +ROGLQJ PHDQ GHPDQG DQG WKH YRODWLOLW\ RI GHPDQG VKRFNV FRQVWDQW�
WKH YDULDQFH DQG FRUUHODWLRQ IXQFWLRQV GHSLFWHG LQ )LJXUHV � DQG � DUH YHU\
VHQVLWLYH WR WKH FKRLFH RI SURGXFWLRQ FDSDFLW\ o� ,QFUHDVLQJ o FDXVHV YRODWLO�
LW\ WR IDOO� DQG UHGXFHV WKH VHQVLWLYLW\ RI WKH YRODWLOLW\ IXQFWLRQ WR GHPDQG

��VKRFNV� 7KDW LV� WKH VDZWRRWKV LQ WKH nJXUHV EHFRPH oDWWHU� 1RW VXUSULV�
LQJO\� LQFUHDVLQJ } DQG } DOVR FDXVHV YRODWLOLW\ WR LQFUHDVH�] s

,Q VXP� WKLV DQDO\VLV GHPRQVWUDWHV WKDW D G\QDPLF VWRUDJH PRGHO SUH�
GLFWV SDUWLFXODU UHODWLRQV EHWZHHQ LQYHQWRU\� GHPDQG� SULFHV� VSRW�IRUZDUG
VSUHDGV� VSRW UHWXUQ YDULDQFHV� DQG VSRW�IRUZDUG UHWXUQ FRUUHODWLRQV� 7KHVH
SUHGLFWLRQV DUH FRQVLVWHQW ZLWK H[LVWLQJ HPSLULFDO HYLGHQFH RQ WKH G\QDPLFV
WKH SULFHV RI FRQWLQXRXVO\ SURGXFHG FRPPRGLWLHV�
6LQFH YDULDQFH H[HUWV D GHFLVLYH LQoXHQFH RQ RSWLRQV SULFLQJ� WKH IRUHJRLQJ

DQDO\VLV VWURQJO\ VXJJHVWV WKDW PRGHOV WKDW GR QRW HPERG\ WKH UHODWLRQ EH�
WZHHHQ IXQGDPHQWDOV DQG FRPPRGLW\ SULFH YRODWLOLW\ PD\ VHYHUHO\ PLVSULFH
FRPPRGLW\ RSWLRQV� 6HFWLRQ � GHPRQVWUDWHV WKDW WKLV LV LQGHHG WKH FDVH LQ
WKH VWRUDJH PRGHO VWXGLHG KHUH�

��� +HGJLQJ

7KH YDULDQFHV DQG FRUUHODWLRQV GLVFXVVHG DERYH KDYH LPSRUWDQW LPSOLFDWLRQV
IRU KHGJLQJ� &RQVLGHU D nUP WKDW XVHV LQYHQWRULHV �RU D VKRUW�GDWHG IXWXUHV

��FRQWUDFW� WR KHGJH D IRUZDUG GHOLYHU\ FRPPLWPHQW� ,W LV ZHOO NQRZQ WKDW WKH
e eYDULDQFH PLQLPL]LQJ KHGJH UDWLR LQ WKLV FDVH LV bFRY�c3 �c) � YDU�c3 ��

6LQFH ERWK WKH QXPHUDWRU DQG GHQRPLQDWRU LQ WKLV H[SUHVVLRQ DUH VWDWH GH�
SHQGHQW� WKH KHGJH UDWLR ZLOO EH VR DV ZHOO� )LJXUH � GHSLFWV WKH KHGJH UDWLR
IRU D WZR�SHULRG IRUZDUG GHOLYHU\ FRPPLWPHQW DV D IXQFWLRQ RI GHPDQG DQG
LQYHQWRU\� )RU VLPSOLFLW\� WKH SHUPDQHQW GHPDQG VKRFN ] LV KHOG FRQVWDQW
DW LWV H[SHFWHG YDOXH RI � DQG WKH WUDQVLWRU\ GHPDQG VKRFN LQFUHDVHV DV RQH
PRYHV GRZQ WKH GHPDQG LQGH[ D[LV� 1RWH WKDW WKH KHGJH UDWLR LV QHDUO\
���� ZKHQ LQYHQWRULHV DUH KLJK� EXW WKDW WKH KHGJH UDWLR GURSV VKDUSO\ ZKHQ
FDUU\�LQ IDOOV WR QHDU ]HUR� 0RUHRYHU� IRU VXFK VPDOO YDOXHV RI LQYHQWRU\ WKH
DEVROXWH YDOXH RI WKH KHGJH UDWLR GHFOLQHV DV GHPDQG LQFUHDVHV� L�H�� DV s

��$ VLPLODU UHVXOW REWDLQV ZKHQ KROGLQJ o FRQVWDQW EXW LQFUHDVLQJ WKH GHPDQG LQWHUFHSW
D�

��7KH DFWLRQV RI 0HWDOJHVHOOVFKDIW SUHVHQW DQ H[WUHPH H[DPSOH RI WKLV SKHQRPHQRQ�
7KLV nUP KHGJHG RLO GHOLYHU\ FRPPLWPHQWV H[WHQGLQJ IURP RQH PRQWK WR �� \HDUV IRUZDUG
XVLQJ RQH PRQWK IXWXUHV FRQWUDFWV� 6HH 5RVV ������� 3LUURQJ ������� DQG 6FKZDUW] ������
IRU DQDO\VLV RI WKH nUP
V DFWLYLWLHV�

��



LQFUHDVHV� )RU H[DPSOH� ZKHQ WKH WUDQVLWRU\ GHPDQG VKRFN LV ��� VWDQGDUG
GHYLDWLRQV DERYH � DQG LQYHQWRU\ LV DERXW ��� VWDQGDUG GHYLDWLRQV EHORZ LWV
DYHUDJH YDOXH LQ ORQJ VLPXODWLRQV� WKH KHGJH UDWLR LV ���� :KHQ WUDQVLWRU\
GHPDQG LV ��� VWDQGDUG GHYLDWLRQV DERYH ]HUR DQG FDUU\�LQ LV ]HUR� WKH KHGJH
UDWLR IDOOV WR D PHUH ���� ,Q FRQMXQFWLRQ ZLWK nJXUHV � DQG �� WKLV LPSOLHV WKDW
WKH KHGJH UDWLR LV ZHOO EHORZ ���� ZKHQ SULFHV DUH KLJK DQG WKH VSRW IRUZDUG
VSUHDG LV QHJDWLYH� EXW LV FORVH WR ���� ZKHQ SULFHV DUH ORZ DQG VSRW DQG
IRUZDUG SULFHV DUH DW IXOO FDUU\� 7KH DQDO\VLV DOVR LPSOLHV WKDW KROGLQJ LQYHQ�
WRU\ FRQVWDQW� WKH KHGJH UDWLR GHFOLQHV LQ DEVROXWH YDOXH DV WKH SHUPDQHQW

��GHPDQG VKRFN LQFUHDVHV�
,W VKRXOG EH QRWHG WKDW WKHVH GHYLDWLRQV IURP D RQH�IRU�RQH KHGJLQJ VWUDW�

HJ\ RFFXU LQ )LJXUH � HYHQ WKRXJK WKH WLPLQJ PLVPDWFK EHWZHHQ WKH KHGJLQJ
LQVWUXPHQW DQG WKH WKLQJ EHLQJ KHGJHG LV VPDOO� 5RVV ������ DQG 6FKZDUW]
������ VKRZ WKDW D RQH�IRU�RQH KHGJLQJ VWUDWHJ\ LV W\SLFDOO\ QRW YDULDQFH PLQ�
LPL]LQJ LI WKH PDWXULW\ GLmHUHQFH LV ODUJH� 7KLV LV WUXH EHFDXVH WKH VWDWLRQDU�
LW\ RI WKH VWRUDJH HFRQRP\ FDXVHV WKH YDULDQFH RI WKH GHIHUUHG REOLJDWLRQ WR
IDOO DV LWV PDWXULW\ LQFUHDVHV� 7KH YDULDQFH PLQLPL]LQJ KHGJHU VKRXOG WKHUH�
IRUH FKRRVH D VPDOOHU KHGJH UDWLR IRU ORQJHU PDWXULW\ LQVWUXPHQWV� +HGJH
UDWLRV PD\ IDOO ZHOO EHORZ RQH HYHQ LI WKH WLPLQJ PLVPDWFK LV VPDOO �DV LV WKH
FDVH LQ )LJXUH �� ZKHQ LQYHQWRULHV DUH ORZ RU GHPDQG LV YHU\ KLJK EHFDXVH
VSRW DQG IRUZDUG SULFHV DUH QRW KLJKO\ FRUUHODWHG XQGHU WKHVH FLUFXPVWDQFHV�
7KXV� HYHQ D RQH� RU WZR�PRQWK PLVPDWFK VKRXOG LQGXFH D KHGJHU WR FKRRVH
D KHGJH UDWLR ZHOO EHORZ RQH ZKHQ SULFHV DUH KLJK DQG WKH PDUNHW LV LQYHUWHG

e�L�H�� 3 ! ) ��
7KH FRUUHODWLRQ DQDO\VLV SUHVHQWHG LQ WKH SUHYLRXV VXEVHFWLRQ LPSOLHV WKDW

KHGJLQJ HmHFWLYHQHVV LV DOVR VWDWH GHSHQGHQW� +HGJLQJ HmHFWLYHQHVV� WKDW LV�
WKH IUDFWLRQ RI YDULDQFH WKDW D KHGJHU FDQ HOLPLQDWH WKURXJK WKH FKRLFH RI WKH
YDULDQFH PLQLPL]LQJ KHGJH UDWLR� LV HTXDO WR WKH VTXDUHG FRUUHODWLRQ EHWZHHQ
WKH VSRW DQG IRUZDUG UHWXUQV� 6LQFH WKLV FRUUHODWLRQ GHFOLQHV DV LQYHQWRU\ IDOOV
DQG GHPDQG LQFUHDVHV� KHGJLQJ HmHFWLYHQHVV GHFOLQHV LQ WKHVH FLUFXPVWDQFHV
DV ZHOO�
,Q VXP� WKH VWDWH GHSHQGHQFH RI FRPPRGLW\ SULFH YDULDQFHV DQG FRUUHOD�

WLRQV KDV LPSRUWDQW LPSOLFDWLRQV IRU KHGJHUV� +HGJHUV VKRXOG FKRRVH GLmHUHQW
KHGJH UDWLRV ZKHQ VXSSO\�GHPDQG FRQGLWLRQV DUH WLJKW WKDQ ZKHQ WKH\ DUH

��$ VLPLODU DQDO\VLV KROGV ZKHQ WKH KHGJHU XVHV D IRUZDUG FRQWUDFW WR KHGJH LQYHQWRU\
�RU D VKRUWHU GDWHG IRUZDUG GHOLYHU\ FRPPLWPHQW�� ,Q EULHI� LQ WKHVH FLUFXPVWDQFHV D
KHGJHU VKRXOG FKRRVH D KHGJH UDWLR ZHOO DERYH ���� ZKHQ VXSSO\�GHPDQG FRQGLWLRQV DUH
WLJKW DQG D KHGJH UDWLR RI FORVH WR ���� ZKHQ VXSSO\�GHPDQG FRQGLWLRQV DUH VODFN�

��



VODFN� ,Q SDUWLFXODU� WKLV DQDO\VLV LPSOLHV WKDW KHGJLQJ LQ D KLJK SULFH� LQ�
YHUWHG PDUNHW LV YHU\ GLpFXOW� ,Q VXFK D PDUNHW YDULDQFH PLQLPL]LQJ KHGJH
UDWLRV PD\ FKDQJH GUDPDWLFDOO\ RYHU VKRUW WLPH SHULRGV� 0RUHRYHU� KHGJLQJ
HmHFWLYHQHVV LV W\SLFDOO\ ORZ GXULQJ WKHVH SHULRGV�

��� 7LPH 6HULHV 3URSHUWLHV RI &RPPRGLW\ 9RODWLOLW\

1J�3LUURQJ ������ ����� GRFXPHQW WKDW DIWHU FRQWUROOLQJ IRU VFDUFLW\ �DV PHD�
VXUHG E\ SULFH RU WKH VTXDUHG VSRW�IRUZDUG VSUHDG�� LQGXVWULDO PHWDO DQG
HQHUJ\ SULFH YRODWLOLWLHV VWLOO H[KLELW *$5&+ HmHFWV� 7KDW LV� ZKHQ HVWLPDW�
LQJ WKH IROORZLQJ V\VWHP RI HTXDWLRQV WKH SDUDPHWHUV o � o � DQG o DUH DOO� � �

SRVLWLYH DQG VLJQLnFDQW�

��;
cOQ3  m � m cOQ3 � m OQ3 � q ����W � M WbM �� Wb� W

M �

� � �}  � � o } � o q � o 3 ����� � � Wb�W Wb� Wb�

ZKHUH } LV WKH VWDQGDUG GHYLDWLRQ RI WKH UHVLGXDO UHWXUQ q � 0RUHRYHU� o �oW W � �

LV QHDU ���� LQ WKHVH VWXGLHV� 7KLV VHFWLRQ H[DPLQHV ZKHWKHU VLPLODU UHVXOWV
REWDLQ IRU WKH VWRUDJH HFRQRP\�
7R LQYHVWLJDWH WKLV LVVXH� , XVH D UDQGRP QXPEHU JHQHUDWRU DQG WKH VR�

OXWLRQ WR WKH VWRUDJH PRGHO GHVFULEHG DERYH WR FUHDWH ���� VHULHV RI ����
REVHUYDWLRQV RI WKH VSRW SULFH� )RU HDFK VHULHV� , nW WKH IROORZLQJ PRGHO�
ZKHUH WKH YDULDQFH RI q LV JLYHQ E\ ����� 7KH LQFOXVLRQ RI WKH ODJJHG ORJ VSRWW

SULFH LQ WKH PHDQ HTXDWLRQ ���� UHoHFWV WKH IDFW WKDW WKH VWRUDJH PRGHO SUH�
GLFWV WKDW WKH VSRW SULFH VKRXOG EH PHDQ UHYHUWLQJ� ,QGHHG� LQ WKH VLPXODWLRQV
WKLV FRHpFLHQW LV DOZD\V QHJDWLYH DQG VLJQLnFDQW�
7DEOH � SUHVHQWV WKH PHDQ YDOXHV RI VHOHFWHG FRHpFLHQWV IURP ���� DQG

����� 1RWH WKDW WKH ODJJHG SULFH FRHpFLHQW LV SRVLWLYH LQ WKH YDULDQFH HTXD�
WLRQ� DV H[SHFWHG JLYHQ WKH HDUOLHU DQDO\VLV� LW LV KLJKO\ VLJQLnFDQW LQ HDFK RI
WKH VLPXODWLRQV� 7KDW LV� WKH UHWXUQ YDULDQFH LV JUHDWHU� WKH KLJKHU WKH SULFH�
0RUHRYHU� WKH $5&+ FRHpFLHQW o LV DOVR SRVLWLYH� 7KLV WRR LV XQVXUSULVLQJ�

EHFDXVH DV QRWHG HDUOLHU WKH VSRW SULFH GRHV QRW FDSWXUH DOO RI WKH HmHFWV
�RI ERWK VWDWH YDULDEOHV RQ YRODWLOLW\� 7KH $5&+ WHUP q DSSDUHQWO\ SUR[�Wb�

LHV IRU WKH IDFWRUV DmHFWLQJ VFDUFLW\ LPSHUIHFWO\ PHDVXUHG E\ SULFH� )LQDOO\�
WKH FRHpFLHQW RQ ODJJHG YRODWLOLW\� o � LV SRVLWLYH EXW IDU OHVV WKDQ ��� WKLV�

FRHpFLHQW LV VRPHWLPHV LQVLJQLnFDQW LQ WKH LQGLYLGXDO VLPXODWHG HVWLPDWHV�

��



7KLV ODVW nQGLQJ YDULHV IURP WKH HPSLULFDO HYLGHQFH SUHVHQWHG LQ 1J�
3LUURQJ� ZKR nQG YDOXHV IRU WKH ODJJHG YDULDQFH FRHpFLHQW RQ WKH RUGHU RI
��� o PHDVXUHV WKH SHUVLVWHQFH RI YRODWLOLW\ GLVWXUEDQFHV� 7KH FRHpFLHQW�

LPSOLHG E\ WKH G\QDPLF SURJUDPPLQJ PRGHO LV VXEVWDQWLDOO\ VPDOOHU �DQG
WKH $5&+ FRHpFLHQW o LV ODUJHU� WKDQ IRXQG LQ UHDO ZRUOG GDWD� $OWKRXJK�

YRODWLOLW\ SHUVLVWV LQ WKH VWRUDJH PRGHO� WKLV RFFXUV LQ ODUJH SDUW EHFDXVH WKH
VSRW SULFH LV DXWRFRUUHODWHG GXH WR VWRUDJH DQG WKH SHUVLVWHQFH RI GHPDQG
VKRFNV� &RQWUROOLQJ IRU SULFH� YRODWLOLW\ VKRFNV LQ WKH VLPXODWLRQV H[KLELW OHVV

��SHUVLVWHQFH WKDQ IRXQG LQ PHWDOV GDWD E\ 1J�3LUURQJ�
7KLV ODVW nQGLQJ LV WKH PDLQ GHYLDWLRQ EHWZHHQ WKH HPSLULFDO HYLGHQFH

RQ FRPPRGLW\ SULFH G\QDPLFV DQG WKH LPSOLFDWLRQV RI WKH VWRUDJH PRGHO�
2QH SRVVLEOH H[SODQDWLRQ IRU WKLV UHVXOW LV WKDW WKH VWRUDJH PRGHO DQDO\]HG
DVVXPHV WKDW WKH YRODWLOLW\ RI GHPDQG VKRFNV LV FRQVWDQW RYHU WLPH� ,I WKH
GHPDQG VKRFNV H[KLELW *$5&+ EHKDYLRU� WKLV PD\ EH WUDQVODWHG LQWR WKH
EHKDYLRU RI SULFH YRODWLOLWLHV�
6LQFH WKH QDWXUH RI GHPDQG GLVWXUEDQFHV DmHFWV WKH HFRQRPLFV RI WKH

VWRUDJH GHFLVLRQ� YHULnFDWLRQ RI WKLV FRQMHFWXUH UHTXLUHV VROXWLRQ RI D PRGLnHG
VWRUDJH SUREOHP WKDW SHUPLWV *$5&+ GHPDQG GLVWXUEDQFHV� 7KLV SUREOHP
LQYROYHV PRUH VWDWH YDULDEOHV DQG LV WKHUHIRUH VXEVWDQWLDOO\ PRUH QXPHULFDOO\
GHPDQGLQJ� 6ROXWLRQ RI WKLV SUREOHP DZDLWV IXWXUH UHVHDUFK�

��� 6XPPDU\

1XPHULFDO VROXWLRQ RI D UHFXUVLYH G\QDPLF VWRUDJH PRGHO LQ D PDUNHW IRU
D FRQWLQXRXVO\ SURGXFHG JRRG ZLWK LQFUHDVLQJ� FRQYH[ PDUJLQDO SURGXFWLRQ
FRVWV PDNHV VWURQJ SUHGLFWLRQV DERXW WKH UHODWLRQ EHWZHHQ WKH G\QDPLFV RI
VSRW DQG IRUZDUG SULFHV RQ WKH RQH KDQG DQG LQYHQWRULHV DQG GHPDQG FRQGL�
WLRQV RQ WKH RWKHU� 6SHFLnFDOO\� WKH PRGHO SUHGLFWV� �D� D ?VXSSO\ RI VWRUDJH�
UHODWLRQ EHWZHHQ VSRW�IRUZDUG VSUHDGV DQG LQYHQWRULHV� �E� D VWURQJ UHODWLRQ
EHWZHHQ VSRW SULFH DQG VSRW�IRUZDUG VSUHDG OHYHOV RQ WKH RQH KDQG DQG WKH
YRODWLOLW\ RI VSRW SULFHV RQ WKH RWKHU� DQG �F� D VWURQJ UHODWLRQ EHWZHHQ VSRW
SULFHV DQG VSRW�IRUZDUG VSUHDGV DQG WKH VSRW�IRUZDUG UHWXUQ FRUUHODWLRQ�
7KHUH LV VRPH HPSLULFDO HYLGHQFH IURP WKH LQGXVWULDO PHWDOV DQG HQHUJ\

PDUNHWV FRQVLVWHQW ZLWK WKHVH LPSOLFDWLRQV� 7KHVH UHVXOWV WKHUHIRUH KDYH LP�

��*LYHQ WKH VWURQJ PHDQ UHYHUVLRQ LQ SULFH� YRODWLOLW\ VKRFNV GDPSHQ RXW TXLFNO\ LQ WKLV
PRGHO� 7KLV LV GLpFXOW WR UHFRQFLOH ZLWK WKH HYLGHQFH RI IUDFWLRQDO LQWHJUDWLRQ RI YRODWLOLW\
LQ PHWDOV PDUNHWV �7H\VVLHUH HW DO� ������ )UDFWLRQDO LQWHJUDWLRQ RI WKH GHPDQG VKRFN
YRODWLOLW\ PD\ EH QHFHVVDU\ WR H[SODLQ WKLV UHVXOW�

��



SRUWDQW FRQVHTXHQFHV IRU RXU XQGHUVWDQGLQJ RI WKH G\QDPLFV RI FRPPRGLW\
SULFHV ZKLFK PHULW GHWDLOHG HPSLULFDO H[DPLQDWLRQ� 6LQFH YRODWLOLW\ LV FHQ�
WUDO WR RSWLRQ SULFLQJ� WKHVH UHVXOWV DOVR KDYH LPSRUWDQW LPSOLFDWLRQV IRU WKH
SULFLQJ RI FRPPRGLW\ FRQWLQJHQW FODLPV� DV WKH QH[W VHFWLRQ VKRZV�

� 6WDWH�GHSHQGHQW 9RODWLOLW\ DQG 'HULYDWLYHV

3ULFLQJ

3ULFLQJ PRGHOV EDVHG RQ ORJQRUPDO GLmXVLRQ SURFHVVHV DUH VWDQGDUG LQ ERWK
��WKH OLWHUDWXUH DQG SUDFWLFH RQ FRPPRGLW\ RSWLRQV� 7KH DQDO\VLV LQ VHFWLRQV

������� VXJJHVWV WKDW WKH VWDQGDUG PRGHOV DUH VHYHUHO\ PLV�VSHFLnHG� $V
D FRQVHTXHQFH WKH\ ZLOO PLVSULFH FRPPRGLW\ RSWLRQV� 7KLV VHFWLRQ GHPRQ�
VWUDWHV WKDW WKHVH PLVSULFLQJV DUH OLNHO\ WR EH H[WUHPHO\ ODUJH DQG WR EH VWULNH
DQG PDWXULW\ GHSHQGHQW�

��� $ 7ZR )DFWRU &RQVWDQW 9RODWLOLW\ 0RGHO RI &RP�
PRGLW\ 2SWLRQ 3ULFH '\QDPLFV

, XVH 0RGHO ,, RI 6FKZDUW] ������ DV D EHQFKPDUN RSWLRQV SULFLQJ PRGHO�
7KH 6FKZDUW] PRGHO SRVLWV WZR IDFWRUV� D VSRW SULFH 6 DQG D FRQYHQLHQFHW

\LHOG p � 7KH VWRFKDVWLF SURFHVVHV IRU WKHVH YDULDEOHV DUH JLYHQ E\�W

G6  �U b p�6GW � } 6GZ ����� �

Gp  ��mb p� � } GZ ����W � �

ZKHUH GZ DQG GZ DUH VWDQGDUG %URZQLDQ PRWLRQV ZLWK FRUUHODWLRQ |GW� 7KH� �

YRODWLOLW\ SDUDPHWHUV } DQG } DQG WKH FRUUHODWLRQ | DUH FRQVWDQWV� 7KXV�� �

ERWK WKH VSRW SULFH DQG WKH FRQYHQLHQFH \LHOG KDYH FRQVWDQW YRODWLOLW\� 7KLV
PRGHO GRHV SHUPLW ?WZLVWV� LQ WKH WHUP VWUXFWXUH RI IXWXUHV SULFHV� EXW GRHV
QRW DOORZ WKH YDULDQFH RI VSRW RU IRUZDUG SULFHV WR GHSHQG RQ WKH OHYHO RI
SULFH RU FRQYHQLHQFH \LHOG� 7KLV UDLVHV WKH TXHVWLRQ� &DQ VXFK D PRGHO SULFH
FRPPRGLW\ GHULYDWLYHV DFFXUDWHO\ LI FRPPRGLW\ SULFHV DUH JHQHUDWHG E\ D
VWRUDJH HFRQRP\ OLNH WKDW PRGHOHG DERYH"

��6HH %UHQQDQ ������� %UHQQDQ DQG 6FKZDUW] ������� *LEVRQ DQG 6FKZDUW] �������
&RUWD]DU DQG 6FKZDUW] ������� $PLQ� 1J� DQG 3LUURQJ ������� DQG 6FKZDUW] ������ IRU
PXOWL�IDFWRU� FRQVWDQW YRODWLOLW\ PRGHOV RI FRPPRGLW\ SULFHV�

��



7R DQVZHU WKLV TXHVWLRQ� , HVWLPDWH WKH UHOHYDQW SDUDPHWHUV IRU WKLV PRGHO
LQ D GDWD VDPSOH JHQHUDWHG E\ VLPXODWLRQ RI WKH VWRUDJH PRGHO VROYHG DERYH�
HVWLPDWH WKH SDUDPHWHUV RI WKH 6 DQG p SURFHVVHV IURP WKLV VDPSOH� DQG
WKHQ FRPSDUH WKH SULFHV RI RSWLRQV RQ WKH FRPPRGLW\ JHQHUDWHG E\ WKHVH
SDUDPHWHUV DQG 6FKZDUW]
V 0RGHO ,, WR WKH ?WUXH� SULFHV RI WKHVH RSWLRQV
LQ WKH VWRUDJH HFRQRP\� WKH WUXH RSWLRQ SULFHV DUH LPSOLHG E\ WKH SULFLQJ

eIXQFWLRQ 3 DQG WKH WUDQVLWLRQ SUREDELOLWLHV {�] � ] � DQG S�s��� �

, nUVW VLPXODWH D WLPH VHULHV RI ���� REVHUYDWLRQV XVLQJ WKH QXPHULFDOO\
VROYHG SULFLQJ IXQFWLRQ IRU WKH VWRUDJH HFRQRP\ GHVFULEHG LQ VHFWLRQV ����
���� )RU HDFK REVHUYDWLRQ� WKH VSRW SULFH� WKH TXDQWLW\ VWRUHG� DQG IRUZDUG
SULFHV IRU GHOLYHU\ LQ RQH� WZR� WKUHH� DQG IRXU SHULRGV KHQFH DUH JHQHUDWHG�
6WRUDJH LQGXFHV SDWK�GHSHQGHQFH LQ WKH VSRW SULFH� VR HVWLPDWLRQ RI IRUZDUG
SULFHV UHTXLUHV FDOFXODWLRQ RI H[SHFWHG YDOXHV RYHU DOO IXWXUH SRVVLEOH SDWKV�
)RU H[DPSOH� JLYHQ DQ LQLWLDO FDUU\�LQ� D IRXU SHULRG IRUZDUG SULFH UHTXLUHV
FDOFXODWLRQ RI WKH H[SHFWHG YDOXH RYHU HDFK SDWK RI VKRFNV WKDW FDQ RFFXU RYHU
WKH QH[W � SHULRGV� ,Q WKH GLVFUHWL]HG IUDPHZRUN� ZLWK 1 SRVVLEOH YDOXHV RI]

WKH GHPDQG VKRFN ] DQG 1 SRVVLEOH YDOXHV RI WKH GHPDQG VKRFN s� WKHUHs
~DUH �1 1 � SRVVLEOH SDWKV RI GHPDQG VKRFNV RYHU ~ SHULRGV� 7KH ~ SHULRGs ]

IRUZDUG SULFH LV WKH H[SHFWHG YDOXH RYHU WKHVH SDWKV RI WKH VSRW SULFH LQ ~
SHULRGV�
6LQFH WKH VSRW SULFH LV REVHUYDEOH LQ WKLV V\QWKHWLF WLPH VHULHV� LW LV

RQO\ QHFHVVDU\ WR HVWLPDWH RQH VWDWH YDULDEOH LQ WKH VDPSOH^WKH FRQYHQLHQFH
��\LHOG� 7KLV LV GRQH LQWHUDWLYHO\� ,Q WKH nUVW VWDJH RI WKH SURFHVV� IRU HDFK

REVHUYDWLRQ W  �� � � � � ���� , HVWLPDWH WKH FRQYHQLHQFH \LHOG DV�

�; � 6WAp  OQ�� �5� � ��� OQW ~~ )W~ �

~ZKHUH 6 LV WKH VLPXODWHG VSRW SULFH DW W� DQG ) LV WKH VLPXODWHG ~ SHULRGW W
��IRUZDUG SULFH DV RI W� *LYHQ WKLV LQLWLDO HVWLPDWH RI WKH FRQYHQLHQFH \LHOG

VHULHV� , HVWLPDWH WKH IROORZLQJ UHJUHVVLRQ�

A Acp  Db Ep � H ����W Wb� W

��,Q FRQWUDVW� LQ 6FKZDUW]
V ������ HPSLULFDO DQDO\VLV ERWK WKH VSRW SULFH DQG WKH FRQ�
YHQLHQFH \LHOG DUH QRQ�REVHUYDEOH� +H XVHV D .DOPDQ nOWHULQJ WHFKQLTXH WR H[WUDFW WKHVH
XQREVHUYHG VWDWH YDULDEOHV IURP WKH GDWD�

�� ~7KLV LV PRWLYDWHG E\ WKH IROORZLQJ VWDQGDUG GHnQLWLRQ RI WKH FRQYHQLHQFH \LHOG� )  W
�Ubp �~WH 6 ZKHUH U LV WKH FRQWLQXRXVO\ FRPSRXQGHG LQWHUHVW UDWH U  OQ�� �5��W

��



ZKHUH D DQG E DUH SDUDPHWHUV DQG H LV DQ HUURU WHUP� � LV WKHQ VHW HTXDO WRW
�E DQG m LV WKHQ VHW HTXDO WR D E� 0RUHRYHU� } LV VHW HTXDO WR YDU�H �� $JDLQW�

�A AXVLQJ WKH p VHULHV� , WKHQ FDOFXODWH X  c OQ6 bp b5 DQG VHW }  YDU�X ��W W W W W�

)LQDOO\� |  FRUU�H � X ��W W

*LYHQ WKLV VHW RI SDUDPHWHUV� WKH FRQYHQLHQFH \LHOG LV UHHVWLPDWHG XVLQJ
H[SUHVVLRQ ���� LQ 6FKZDUW]� 6SHFLnFDOO\�

b�~�b H~OQ) b OQ6 b $�~�  bp ����W WW �

ZKHUH $�~� LV D IXQFWLRQ RI ~ WKDW GHSHQGV RQ m� �� } � } � DQG |� WKLV IXQFWLRQ� �

LV JLYHQ E\ H[SUHVVLRQ ���� LQ 6FKZDUW] ������� ,Q WKH QH[W LWHUDWLRQ� IRU HDFK
~AW  �� � � � ����� p LV WKH VORSH FRHpFLHQW LQ D UHJUHVVLRQ RI OQ) b OQ6 b$�~�W WW

DJDLQVW ��bH[S�b�~�� �� *LYHQ WKH QHZ HVWLPDWHV RI WKH FRQYHQLHQFH \LHOGV
IRU HDFK W� ���� LV UH�HVWLPDWHG DQG �� m� DQG } DUH GHWHUPLQHG DV EHIRUH��

� � ��A1RZ }  YDU�X � ZKHUH X  cOQ6 b p b ��} DQG |  FRUU�H � X ��W W W W W W� �

7KLV SURFHVV FRQWLQXHV XQWLO WKH DYHUDJH DEVROXWH SHUFHQWDJH FKDQJH LQ WKH
AHVWLPDWHG p EHWZHHQ LWHUDWLRQV LV VPDOOHU WKDQ ���� SHUFHQW� 7KH HVWLPDWHVW

RI } � } � �� m� DQG | DUH WKHQ XVHG WR SULFH FDOO RSWLRQV RQ WKH FRPPRGLW\�� �

,Q WKH 6FKZDUW] PRGHO� IXWXUHV�IRUZDUG SULFHV ZLWK ~ SHULRGV WR H[SLUD�
WLRQ DUH ORJQRUPDOO\ GLVWULEXWHG ZLWK LQVWDQWDQHRXV YDULDQFH�

b�~ � b�~��b H � ��b H �� � �} �~�  } � } b �|} } ����� �) � � �� �

6LQFH WKH IXWXUH LV D WUDGHG DVVHW ZLWK D YDULDQFH WKDW LV D IXQFWLRQ RI WLPH
DORQH� LW LV SRVVLEOH WR SULFH VLPSOH RSWLRQV RQ WKH FRPPRGLW\ XVLQJ WKH %ODFN
PRGHO ZLWK�

~ 5) ~ �WOQ� � � �� } �X�GX� ).TG  ����� 5 ~ �} �X�GX)�

ZKHUH . LV WKH VWULNH SULFH RI D FDOO RSWLRQ� *LYHQ WKH SDUDPHWHUV HVWLPDWHG
XVLQJ WKH SURFHVV GHVFULEHG DERYH� LW LV WKHUHIRUH SRVVLEOH WR GHWHUPLQH WKH
SULFH RI DQ\ (XURSHDQ FDOO RU SXW RSWLRQ RQ WKH FRPPRGLW\�
7KH ?WUXH� YDOXH RI WKH RSWLRQ LV GHULYHG DV IROORZV� )RU JLYHQ VWDUWLQJ

eYDOXHV RI [� ]� DQG s� DQG WKXV RI VSRW SULFH 3 � WKH WHUPLQDO SULFH 3 DQGS
~WKH SDWK SUREDELOLW\ { GHWHUPLQHG IRU HDFK RI WKH �1 1 � SDWKV S � 2QH�S s ] ~

��7KH } XVHG WR FDOFXODWH X LV WKH YDOXH JHQHUDWHG LQ WKH SUHYLRXV LWHUDWLRQ�� W

��



��WZR� DQG WKUHH SHULRG RSWLRQV DUH SULFHG� VR ~  �� �� �� 7KH YDOXH RI WKH
FDOO ZLWK VWULNH . HTXDOV WKDW H[SLUHV LQ ~ SHULRGV LV�

~�1 1 �s ];
eF�[� ]� s�.�  { PD[>3 b.� �@� ����S S

S �

7KH IRUZDUG SULFH IRU PDWXULW\ LQ ~ SHULRGV LV�

~�1 1 �s ];
~ b~ e) �[� ]� s�.�  �� �5� { 3 � ����S S

S �

2SWLRQV DUH SULFHG XVLQJ ���� DQG ���� IRU � GLmHUHQW VWULNHV IRU HDFK
H[SLUDWLRQ� 7KHVH VWULNHV DUH VSDFHG HYHQO\ DURXQG WKH IRUZDUG SULFH LQ
LQFUHPHQWV RI ���� 7KDW LV� DQ DW�WKH�PRQH\� IRXU RXW�RI�WKH�PRQH\� DQG
IRXU LQ�WKH�PRQH\ FDOOV DUH SULFHG IRU HDFK PDWXULW\ IRU D YDULHW\ RI VWDUWLQJ
YDOXHV IRU [ DQG ]�

��� 5HVXOWV

$ FRPSDULVRQ RI RSWLRQ SULFHV JHQHUDWHG E\ WKH WZR PRGHOV LPSOLHV WKDW WKH
FRQVWDQW YRODWLOLW\ PRGHO JHQHUDWHV VHULRXV PLV�SULFLQJ RI RSWLRQV GXH WR WKH
PLV�VSHFLnFDWLRQV GLVFXVVHG DERYH� &DOO &�.� ~� WKH ?WUXH� SULFH RI DQ RSWLRQ
H[SLULQJ LQ ~ SHULRGV ZLWK VWULNH SULFH . DV JLYHQ E\ ����� &DOO & �.� ~� WKH6

SULFH RI WKH RSWLRQ LPSOLHG E\ WKH 6FKZDUW] PRGHO� 7DEOH � UHSRUWV

&�.� ~�
%�.� ~�  b � ����

& �.� ~�6

IRU VHYHUDO YDOXHV RI LQLWLDO FDUU\�LQ DQG SHUPDQHQW GHPDQG VKRFN� IRU VLPSOLF�
LW\� WKH WHPSRUDU\ GHPDQG VKRFN LV DVVXPHG WR HTXDO � LQ DOO FDVHV VWXGLHG�
7KDW LV� %�.� ~� LV D PHDVXUH RI WKH ELDV LQ WKH RSWLRQ SULFHV JHQHUDWHG E\
WKH 6FKZDUW] PRGHO� %�.� ~� ! � LPSOLHV WKDW WKH 6FKZDUW] PRGHO XQGHU�
HVWLPDWHV WKH RSWLRQ SULFH� %�.� ~� � � LPSOLHV WKDW LW RYHUHVWLPDWHV WKH
RSWLRQ SULFH�
3DQHO $ RI 7DEOH � DVVXPHV WKDW WKH HFRQRP\ LV LQ D ORZ SULFH VWDWH ZLWK

KLJK FDUU\�LQ DQG D SHUPDQHQW GHPDQG VKRFN ��� VWDQGDUG GHYLDWLRQV EHORZ

��&RPSXWDWLRQDO FRQVLGHUDWLRQV OLPLW ~ � 7KH QXPEHU RI FRPSXWDWLRQV LQFUHDVHV H[SR�
QHQWLRQDOO\ ZLWK ~�

��



LWV PHDQ� 3DQHO % DVVXPHV WKDW WKH HFRQRP\ LV LQ D PHGLXP SULFH VWDWH ZLWK
FDUU\�LQ HTXDO WR LWV DYHUDJH LQ ORQJ VLPXODWLRQV DQG D SHUPDQHQW GHPDQG
VKRFN HTXDO WR LWV H[SHFWHG YDOXH RI �� 3DQHO & DVVXPHV D KLJK SULFH VWDWH
ZLWK ]HUR FDUU\�LQ DQG D SHUPDQHQW GHPDQG VKRFN ��� VWDQGDUG GHYLDWLRQV
DERYH WKH PHDQ� ,Q HDFK SDQHO� WKH VWULNH SULFH LQFUHDVHV DV RQH SURFHHGV
GRZQ DQ\ FROXPQ� DQG WLPH WR H[SLUDWLRQ LQFUHDVHV DV RQH SURFHHGV WR WKH
ULJKW DORQJ DQ\ URZ� 5RZ � JLYHV WKH SULFH RI DW�WKH�PRQH\ FDOOV� URZV ���
JLYH WKH SULFHV RI RXW�RI�WKH�PRQH\ FDOOV DQG URZV ��� JLYH WKH SULFHV RI LQ�
WKH�PRQH\ FDOOV� &ROXPQV �� �� DQG � JLYH WKH SULFHV RI � SHULRG� � SHULRG�
DQG � SHULRG RSWLRQV� UHVSHFWLYHO\�
$Q H[DPLQDWLRQ RI WKH YDULRXV SDQHOV JLYHV FOHDU HYLGHQFH RI VWULNH SULFH

DQG WLPH�WR�H[SLUDWLRQ ELDVHV� 0RUHRYHU� WKH VL]H DQG VLJQ RI WKHVH ELDVHV
YDU\ GHSHQGLQJ RQ ZKHWKHU WKH HFRQRP\ LV LQ D KLJK SULFH� ORZ SULFH� RU
PHGLXP SULFH VWDWH� ,Q D KLJK SULFH VWDWH �3DQHO &� WKH 6FKZDUW] PRGHO
V\VWHPDWLFDOO\ XQGHUSULFHV FDOO RSWLRQV� 7KH SULFLQJ ELDVHV DUH PRUH VHYHUH�
WKH KLJKHU WKH VWULNH SULFH DQG WKH VKRUWHU WKH WLPH WR H[SLUDWLRQ� 7KDW
LV� WKH FRQVWDQW YRODWLOLW\ PRGHO VHULRXVO\ XQGHUSULFHV VKRUWHVW�GDWHG RXW�
RI�WKH�PRQH\ FDOOV� 7KH PLVSULFLQJ IRU WKH GHHSHVW�RXW�RI�WKH�PRQH\� VKRUW�
GDWHG FDOOV LV RYHU ��� SHUFHQW� (YHQ WKH GHHSHVW�LQ�WKH�PRQH\� ORQJHVW�GDWHG
FDOOV DUH XQGHUSULFHG E\ �� SHUFHQW� ,Q D PHGLXP SULFH VWDWH �3DQHO %��
WKH 6FKZDUW] PRGHO WHQGV WR RYHUSULFH VKRUW�GDWHG LQ�WKH�PRQH\ DQG DW�WKH�
PRQH\ FDOOV DQG XQGHUSULFH VKRUW�GDWHG RXW�RI�WKH�PRQH\ FDOOV� 7KH PRGHO
XQGHUSULFHV ORQJHU�GDWHG FDOOV� 7KH SULFLQJ ELDV LV LQFUHDVLQJ LQ VWULNH IRU DOO
PDWXULWLHV� ,Q WKH ORZ SULFH VWDWH �3DQHO $�� WKH 6FKZDUW] PRGHO RYHUSULFHV
DOO FDOOV VWXGLHG� ,Q WKLV VWDWH� WKH XQGHUSULFLQJ LV PRUH VHYHUH� WKH KLJKHU
WKH VWULNH� )RU D JLYHQ VWULNH� PLVSULFLQJ LV QRW DOZD\V PRQRWRQLF LQ WLPH
WR H[SLUDWLRQ� DOWKRXJK LW GRHV GHFUHDVH �LQ DEVROXWH YDOXH� LQ PDWXULW\ IRU
DW�WKH�PRQH\ DQG RXW�RI�WKH�PRQH\ VWULNHV�
7KHVH PLVSULFLQJV DUH UHDGLO\ XQGHUVWRRG EDVHG RQ WKH DQDO\VLV RI WKH

EHKDYLRU RI YRODWLOLW\ LQ WKH VWRUDJH HFRQRP\ SURYLGHG LQ VHFWLRQ ���� :KHQ
DSSOLHG WR WKH VLPXODWHG GDWD JHQHUDWHG E\ WKH VWRUDJH HFRQRP\ PRGHO� WKH
6FKZDUW] PRGHO HVVHQWLDOO\ HVWLPDWHV DQ DYHUDJH VSRW YRODWLOLW\� 7KLV YRODWLO�
LW\ LV VPDOOHU WKDQ WKH WUXH YRODWLOLW\ ZKHQ SULFHV DUH KLJK� DQG LV ODUJHU
WKDQ WKH WUXH YRODWLOLW\ ZKHQ SULFHV DUH ORZ EHFDXVH YRODWLOLW\ JHQHUDOO\ LQ�
FUHDVHV LQ SULFH� 7KLV H[SODLQV WKH XQGHUSULFLQJ RI RSWLRQV LQ WKH KLJK SULFH
HQYLURQPHQW DQG WKH RYHUSULFLQJ LQ WKH ORZ SULFH HQYLURQPHQW�
0RUHRYHU� WKH ORJQRUPDO GLVWULEXWLRQ XQGHUO\LQJ WKH 6FKZDUW] PRGHO GRHV

QRW FDSWXUH WKH VNHZQHVV DQG NXUWRVLV LQ UHWXUQ GLVWULEXWLRQV LQ WKH VWRUDJH

��



HFRQRP\� 7KHVH GLVWULEXWLRQV DUH KLJKO\ ULJKW�VNHZHG DQG OHSWRNXUWRWLF LQ
KLJK DQG PHGLXP SULFH HQYLURQPHQWV� )LJXUH � SUHVHQWV KLVWRJUDPV RI WKH

eIUHTXHQF\ RI 3 IRU KLJK�SULFH DQG PRGHUDWH�SULFH LQLWLDO FRQGLWLRQV UHVSHF��

WLYHO\� 1RWH WKH KLJKO\ ULJKW�VNHZHG GLVWULEXWLRQ LQ )LJXUH �D �FRUUHVSRQGLQJ
WR D KLJK LQLWLDO SULFH� DQG WKH IDW�WDLOHG� VRPHZKDW OHVV VNHZHG GLVWULEXWLRQ
LQ )LJXUH �E �FRUUHVSRQGLQJ WR D PRGHUDWH LQLWLDO SULFH�� 7KH VNHZQHVV DQG
NXUWRVLV RI WKH UHWXUQ GLVWULEXWLRQV GHSHQG RQ WKH LQLWLDO VSRW SULFH� 6SRW
UHWXUQV H[KLELW JUHDWHU VNHZQHVV DQG VPDOOHU NXUWRVLV ZKHQ WKH LQLWLDO VSRW
SULFH LV KLJK� )RU LQVWDQFH� ZKHQ WKH VSRW SULFH LV KLJK �DV LOOXVWUDWHG LQ
)LJXUH �D�� WKH FRHpFLHQW RI VNHZQHVV RI WKH UHWXUQ GLVWULEXWLRQ LV ����� DQG
WKH FRHpFLHQW RI H[FHVV NXUWRVLV RI UHWXUQV LV ������ :KHQ WKH VSRW SULFH LV
PRGHUDWH �DV LOOXVWUDWHG LQ )LJXUH �E�� WKH FRHpFLHQW RI VNHZQHVV RI UHWXUQV LV
����� DQG WKH FRHpFLHQW RI H[FHVV NXUWRVLV RI UHWXUQV LV ������ &RQVHTXHQWO\�
WKH V\PPHWULF GLVWULEXWLRQV LPSOLHG E\ WKH 6FKZDUW] PRGHO XQGHUHVWLPDWH
WKH SUREDELOLW\ RI XSZDUG SULFH VSLNHV DQG WKHUHIRUH XQGHUHVWLPDWH WKH YDOXH
RI RXW�RI�WKH�PRQH\ FDOOV� %LDVHV EHFRPH VPDOOHU DV WLPH�WR�H[SLUDWLRQ LQ�
FUHDVHV �IRU DW�WKH�PRQH\ RSWLRQV� EHFDXVH WKH PHDQ UHYHUVLRQ LQKHUHQW LQ WKH
VWRUDJH HFRQRP\ �DQG FDSWXUHG E\ WKH HVWLPDWHG SDUDPHWHUV RI WKH 6FKZDUW]
PRGHO� EHFRPHV GRPLQDQW DV WKH SULFLQJ KRUL]RQ LQFUHDVHV� 9RODWLOLW\ LQ ERWK
PRGHOV VKULQNV PRQRWRQLFDOO\ LQ ERWK PRGHOV DV WKH KRUL]RQ LQFUHDVHV�
,Q EULHI� WKHVH UHVXOWV VKRZ WKDW QHJOHFWLQJ WKH VWDWH�GHSHQGHQW SULFH

YRODWLOLW\ OHDGV WR VHULRXV RSWLRQ SULFLQJ ELDVHV� 7KH VWDWH�GHSHQGHQFH LQ
YRODWLOLW\ GRFXPHQWHG LQ WKH DQDO\VHV RI WKH VWRUDJH HFRQRP\ LQ VHFWLRQ ���
OHDGV WR VWDWH�GHSHQGHQW SULFLQJ ELDVHV� 3ULFLQJ ELDVHV DUH KXJH IRU VKRUW�
GDWHG� RXW�RI�WKH�PRQH\ FDOOV ZKHQ VSRW SULFHV DUH KLJK�
7KHVH IHDWXUHV DUH UHoHFWHG LQ YRODWLOLW\ VNHZV RU VPLOHV� )LJXUH � GHSLFWV

WZR H[DPSOHV RI WKH UHVXOWLQJ YRODWLOLW\ VNHZV IRU ~  �� ,W SORWV WKH YRODWLOLW\
WKDW VHWV WKH RSWLRQ SULFH JLYHQ E\ WKH %ODFN PRGHO WR WKH WUXH RSWLRQ SULFH�
7KH [�D[LV LQ WKHVH nJXUHV PHDVXUHV VWULNH RUGLQDOO\� VWULNH � LV WKH DW�WKH�
PRQH\ VWULNH� VWULNHV ZLWK QXPEHUV JUHDWHU WKDQ � DUH RXW�RI�WKH�PRQH\� DQG
VWULNHV ZLWK QXPEHUV OHVV WKDQ � DUH LQ�WKH�PRQH\� )LJXUH �D GHSLFWV WKH VNHZ
ZKHQ SULFH LV KLJK �L�H�� [ LV ORZ DQG ] LV ODUJH� DQG )LJXUH �E GHSLFWV WKH
VNHZ ZKHQ SULFH LV PRGHUDWH �L�H�� IRU PRGHUDWH YDOXHV RI [ DQG ]�� 1RWH WKDW
WKHUH LV DQ LQFUHDVLQJ UHODWLRQ EHWZHHQ LPSOLHG YRODWLOLW\ ZKHQ SULFH LV KLJK�
DQG D 8�VKDSHG UHODWLRQ ZKHQ SULFH LV PRGHUDWH� 7KH PLQLPXP YRODWLOLW\
SRLQW LQ WKH 8�VKDSHG FDVH RFFXUV WZR VWULNHV RXW�WKH�PRQH\� 7KH VKDSH RI
WKHVH ?VPLOHV� FRUUHVSRQGV WR WKH SULFLQJ ELDVHV LGHQWLnHG LQ 7DEOH ��
,Q VXP� VWDQGDUG FRPPRGLW\ RSWLRQ SULFLQJ PRGHOV IDUH SRRUO\ LQ WKH
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VWRUDJH HFRQRP\ EHFDXVH WKH\ DUH VHYHUO\ PLV�VSHFLnHG� 7KH WLPH DQG VWDWH
GHSHQGHQFH LQ YRODWLOLW\ FDXVHV RSWLRQ SULFHV WR GLmHU VXEVWDQWLDOO\ IURP WKH
YDOXHV LPSOLHG E\ D WZR IDFWRU PRGHO ZLWK FRQVWDQW YRODWLOLWLHV ZLWK SDUDPH�
WHUV FDOLEUDWHG WR VLPXODWHG GDWD JHQHUDWHG E\ WKH VWRUDJH PRGHO� $OWKRXJK
WKH WZR IDFWRU PRGHO SHUPLWV PRUH YDULDWLRQ LQ WKH VKDSH RI WKH FRPPRG�
LW\ SULFH WHUP VWUXFWXUH� LW GRHV QRW FDSWXUH WKH VWDWH GHSHQGHQW VNHZQHVV
DQG NXUWRVLV LQ WHUPLQDO SULFH GLVWULEXWLRQV� 7KHVH SULFLQJ ELDVHV DUH HV�
SHFLDOO\ VHYHUH IRU VKRUW�GDWHG� KLJK�VWULNH FDOO SULFH RSWLRQV LQ KLJK SULFH
HQYLURQPHQWV� &RPSXWDWLRQDO FRQVLGHUDWLRQV SUHFOXGH HYDOXDWLRQ RI SULFLQJ
ELDVHV IRU YHU\ ORQJ�GDWHG RSWLRQV �LQFOXGLQJ UHDO LQYHVWPHQW RSWLRQV�� EXW
WKH GHFOLQH RI WKHVH ELDVHV LQ KLJK DQG PHGLXP SULFH HQYLURQPHQWV DV RSWLRQ
PDWXULWLHV LQFUHDVH VXJJHVWV WKDW WKH\ PD\ QRW EH DV VHYHUH IRU ORQJ GDWHG
RSWLRQV� 7KXV� VWDQGDUG FRQVWDQW YRODWLOLW\ SULFLQJ PRGHOV PD\ EH DGHTXDWH
IRU SULFLQJ ORQJ GDWHG RSWLRQV DQG LQYHVWPHQW SURMHFWV� EXW DUH KLJKO\ TXHV�
WLRQDEOH IRU SULFLQJ VKRUW GDWHG FRPPRGLW\ RSWLRQV� HVSHFLDOO\ LQ KLJK SULFH
HQYLURQPHQWV�

��� ,PSOLFDWLRQV IRU &RPPRGLW\ 2SWLRQ 3ULFLQJ 0RG�
HOV

7KH IRUHJRLQJ DQDO\VLV DQG WKH VXSSRUWLQJ HPSLULFDO HYLGHQFH LQ 1J�3LUURQJ
������ ����� DQG 3LUURQJ ������ LPSO\ WKDW HYHQ PXOWL�IDFWRU PRGHOV RI FRP�
PRGLW\ SULFH G\QDPLFV DUH PLV�VSHFLnHG LI VSRW SULFH YDULDQFHV DUH DVVXPHG
WR EH FRQVWDQW� DV LV W\SLFDOO\ WKH FDVH� 7KLV LPSOLHV WKDW VXFK PRGHOV FDQQRW
SULFH FRPPRGLW\ RSWLRQV FRQVLVWHQWO\� 7KLV UDLVHV WKH TXHVWLRQ� ,V WKHUH DQ
DOWHUQDWLYH UHGXFHG IRUP PRGHO WKDW FDQ GR EHWWHU"
2QH DOWHUQDWLYH WR D FRQVWDQW�VSRW YDULDQFH PRGHO LV WR DOORZ WKH YDULDQFH

WR GHSHQG RQ WKH OHYHO RI WKH VSRW SULFH�

G3
 m�3 �GW � }�3 �G:

3

$PRGHO RI WKLV W\SH FDQ EH nW WR RSWLRQ TXRWHV XVLQJ WKH PHWKRG RI %RGXUWKD�
-HUPDN\DQ �������
$OWKRXJK WKLV W\SH RI PRGHO VKRXOG RXWSHUIRUP FRQVWDQW YRODWLOLW\ PRGHOV

LQ SULFLQJ RSWLRQV RQ WKH VSRW DQG RSWLRQV RQ IXWXUHV �EHFDXVH RI LWV DELOLW\ WR
FDSWXUH WKH UHODWLRQ EHWZHHQ WKH OHYHO RI SULFHV DQG YRODWLOLW\�� LWV RQH IDFWRU
VWUXFWXUH LV XQVDWLVIDFWRU\ IRU SULFLQJ FRUUHODWLRQ GHSHQGHQW RSWLRQV� VXFK DV
RSWLRQV RQ VSUHDGV �H�J�� DQ RSWLRQ RQ WKH VSUHDG EHWZHHQ D RQH PRQWK DQG
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D WKUHH PRQWK IRUZDUG�� FRPPRGLW\ VZDSWLRQV� RU UHDO RSWLRQV WR XQGHUWDNH
LQYHVWPHQWV LQ FRPPRGLW\ SURGXFWLRQ FDSDFLW\ WKDW FDQ SURGXFH RXWSXW IRU
PXOWLSOH SHULRGV� 0XOWL�IDFWRU PRGHOV DUH QHFHVVDU\ WR SURGXFH LQVWDQWDQHRXV
VSRW�IRUZDUG FRUUHODWLRQV WKDW GLmHU IURP RQH� 6LQFH WKH VWRUDJH PRGHO LP�
SOLHV WKDW WKH VSRW�IRUZDUG FRUUHODWLRQ LV VWDWH GHSHQGHQW� DW OHDVW WZR IDFWRUV
DUH UHTXLUHG WR JHQHUDWH D PRGHO WKDW FDSWXUHV WKLV HPSLULFDO UHJXODULW\�
$QRWKHU DOWHUQDWLYH LV D VWRFKDVWLF YRODWLOLW\ PRGHO RI WKH IRUP VWXGLHG

E\ +HVWRQ ������ ZLWK D SRVLWLYH FRUUHODWLRQ EHWZHHQ WKH %URZQLDQ PRWLRQ
LQ WKH VSRW SURFHVV DQG WKH %URZQLDQ PRWLRQ LQ WKH YRODWLOLW\ SURFHVV� 7KLV
IRUP RI PRGHO FRXOG FDSWXUH WKH VNHZQHVV DQG NXUWRVLV RI WKH VSRW SULFH
GLVWULEXWLRQ� 7KLV PRGHO FDQQRW JHQHUDWH D VSRW�IRUZDUG FRUUHODWLRQ OHVV
WKDQ RQH� KRZHYHU� EHFDXVH WKH VWRFKDVWLF FRPSRQHQW RI IRUZDUG SULFHV LQ
WKLV PRGHO GRHV QRW GHSHQG XSRQ WKH YRODWLOLW\�
7KH IRUHJRLQJ VXJJHVWV WKDW ?Rm�WKH�VKHOI� GLmXVLRQ PRGHOV IDLO WR FDSWXUH

VDOLHQW IHDWXUHV RI FRPPRGLW\ SULFH G\QDPLFV� $ WZR�IDFWRU PRGHO RI WKH
W\SH VWXGLHG E\ 6FKZDUW] ������� EXW ZLWK WKH VSRW SULFH�FRQYHQLHQFH \LHOG
YDULDQFH�FRYDULDQFH PDWUL[ GHSHQGHQW XSRQ WKH VSRW SULFH PD\ EH QHFHVVDU\
WR FDSWXUH IXOO\ WKH IHDWXUHV GRFXPHQWHG KHUHLQ� *LYHQ IXQFWLRQV UHODWLQJ WKH
VSRW SULFH WR �D� WKH VSRW SULFH YDULDQFH� �E� FRQYHQLHQFH \LHOG YDULDQFH� DQG
�F� WKH VSRW SULFH�FRQYHQLHQFH \LHOG FRUUHODWLRQ� LW LV IDLUO\ VWUDLJKWIRUZDUG WR
VROYH WKH ?GLUHFW SUREOHP� RI GHWHUPLQLQJ WKH SULFH RI D FRQWLQJHQW FODLP ZLWK
JLYHQ ERXQGDU\ FRQGLWLRQV XVLQJ QXPHULFDO PHWKRGV� ,Q WKHRU\� WKH PHWKRGV
RI %RGXUWKD�-HUPDN\DQ FDQ EH DSSOLHG WR VROXWLRQ RI WKH ?LQYHUVH SUREOHP��
L�H�� WKH GHWHUPLQDWLRQ RI WKH YDULDQFH DQG FRUUHODWLRQ IXQFWLRQV IURP D VHW
RI RSWLRQ TXRWHV� $FWXDO VROXWLRQ RI WKLV SUREOHP IDFHV GDXQWLQJ QXPHULFDO

��SUREOHPV� KRZHYHU�
,Q VXP� WKH DQDO\VLV GHPRQVWUDWHV WKDW FRQYHQWLRQDO FRQVWDQW YRODWLOLW\

RSWLRQ SULFLQJ WHFKQLTXHV DUH OLNHO\ WR EH LQDGHTXDWH IRU YDOXLQJ FRPPRGLW\
RSWLRQV GXH WR WKH FRPSOH[� QRQ�OLQHDU UHODWLRQV EHWZHHQ SULFHV� YDULDQFHV�
DQG VSRW�IRUZDUG FRUUHODWLRQV� 6RPH PRUH DGYDQFHG UHGXFHG IRUP RSWLRQ
SULFLQJ PRGHOV PD\ SURYH VXLWDEOH IRU SULFLQJ QRQ�FRUUHODWLRQ GHSHQGHQW RS�
WLRQV� VXFK DV RSWLRQV RQ IRUZDUGV RU RSWLRQV RQ WKH VSRW� 7KH FRPSOH[ UHOD�
WLRQ EHWZHHQ SULFHV DQG VSRW�IRUZDUG FRUUHODWLRQV SUHVHQWV GLpFXOW FKDOOHQJHV
WR DQ\ DWWHPSW WR GHULYH D PXOWL�IDFWRU GLmXVLRQ SURFHVV VXLWDEOH IRU SULFLQJ
FRUUHODWLRQ�VHQVLWLYH FRQWLQJHQW FODLPV VXFK DV FRPPRGLW\ VZDSWLRQV RU UHDO
FRPPRGLW\ LQYHVWPHQW RSWLRQV� ,I UHGXFHG IRUP PRGHOV DUH LQDGHTXDWH RU LP�

��3HUVRQDO FRPPXQLFDWLRQ ZLWK 0DUWLQ -HUPDN\DQ�

��



SUDFWLFDO� LW PD\ SURYH QHFHVVDU\ WR YDOXH RSWLRQV XVLQJ D VWUXFWXUDO PRGHO
RI WKH FRPPRGLW\ PDUNHW DORQJ WKH OLQHV RI WKH DQDO\]HG LQ VHFWLRQV ��������
2QH GLpFXOW\ LV UHDGLO\ HYLGHQW LQ WKLV DSSURDFK� KRZHYHU� 6SHFLnFDOO\� WKH
FUXFLDO VWDWH YDULDEOHV ] DQG s� DQG SHUKDSV [ DUH QRW REVHUYDEOH� ,QVWHDG
WKH\ PXVW EH LQIHUUHG� 7KLV UHTXLUHV MRLQW HFRQRPHWULF HVWLPDWLRQ RI WKH VWDWH
YDULDEOHV DQG FUXFLDO VXSSO\ DQG GHPDQG SDUDPWHUV LQFOXGLQJ |� } � } � D� E�] s

�� DQG o� *LYHQ WKH LQKHUHQW QRQ�OLQHDULW\ RI WKH PRGHO DQG WKH QHFHVVLW\ RI
VROYLQJ LW QXPHULFDOO\ WKLV LV D IRUELGGLQJ WDVN�

� 6XPPDU\ DQG &RQFOXVLRQ

7KLV DUWLFOH GHPRQVWUDWHV WKDW VWRUDJH DQG WKH FKDUDFWHULVWLFV RI SURGXF�
WLRQ FRVW IXQFWLRQV KDYH LPSRUWDQW LPSOLFDWLRQV IRU WKH SULFH G\QDPLFV RI
FRQWLQXRXVO\ SURGXFHG� VWRUDEOH FRPPRGLWLHV� ,Q SDUWLFXODU� LI PDUJLQDO SUR�
GXFWLRQ FRVWV DUH FRQYH[� LQFUHDVLQJ IXQFWLRQV RI RXWSXW DQG WKHUH DUH ERWK
SHUVLVWHQW DQG WUDQVLWRU\ GHPDQG VKRFNV� FRPPRGLW\ SULFH YRODWLOLW\ YDULHV
PDUNHGO\ ZLWK FKDQJHV LQ XQGHUO\LQJ IXQGDPHQWDO FRQGLWLRQV� :KHQ PDUNHW
FRQGLWLRQV DUH ?WLJKW� GXH WR D ODFN RI LQYHQWRULHV RU KLJK GHPDQG� YRODWLOLW\
FDQ EH RUGHUV RI PDJQLWXGH ODUJHU WKDQ ZKHQ PDUNHW FRQGLWLRQV DUH OHVV FRQ�
VWUDLQHG� 6LPLODUO\� VSRW�IRUZDUG FRUUHODWLRQV DUH QHDUO\ RQH ZKHQ VXSSOLHV
DUH DEXQGDQW� EXW IDU EHORZ RQH ZKHQ PDUNHW FRQGLWLRQV DUH WLJKW�
7KHVH nQGLQJV KDYH LPSRUWDQW LPSOLFDWLRQV� )LUVW� WKH\ LPSO\ WKDW VWDQ�

GDUG FRPPRGLW\ RSWLRQ SULFLQJ PRGHOV EDVHG RQ PHDQ UHYHUWLQJ ORJ QRUPDO
VSRW FRPPRGLW\ SULFH SURFHVVHV DUH OLNHO\ WR JHQHUDWH VHYHUH PLVSULFLQJV� ,Q
WKH VLPXODWHG VWRUDJH HFRQRP\ WKHVH SULFH ELDVHV DUH VWULNH SULFH DQG PDWX�
ULW\ GHSHQGHQW� 0RUHRYHU� WKH VL]H DQG VLJQ RI WKH ELDVHV GHSHQG RQ ZKHWKHU
FRPPRGLW\ SULFHV DUH KLJK RU ORZ� 6WDQGDUG RSWLRQ SULFLQJ PRGHOV W\SLFDOO\
XQGHUYDOXH FRPPRGLW\ RSWLRQV ZKHQ WKH VSRW SULFH LV KLJK DQG RYHUYDOXH
WKHP ZKHQ WKH FRPPRGLW\ SULFH LV ORZ� 6HFRQG� WKHVH UHVXOWV LPSO\ WKDW
FRPPRGLW\ RSWLRQ LPSOLHG YRODWLOLWLHV VKRXOG EH VNHZHG� DQG WKDW WKH VKDSH
RI WKH VNHZ VKRXOG GHSHQG XSRQ WKH OHYHO RI SULFHV �ZKLFK PHDVXUHV WKH
WLJKWQHVV RI PDUNHW FRQGLWLRQV��
7KLV DQDO\VLV KDV QXPHURXV WHVWDEOH LPSOLFDWLRQV� VRPH RI ZKLFK KDYH

DOUHDG\ EHHQ YHULnHG �1J DQG 3LUURQJ� ����� ������ 2QH HPSLULFDO nQGLQJ
DW YDULDQFH IURP WKH PRGHO
V SUHGLFWLRQV LV WKH ZHDNHU *$5&+ HmHFW LQ
VLPXODWHG VWRUDJH PRGHO SULFHV DIWHU FRQWUROOLQJ IRU VFDUFLW\ �DV PHDVXUHG E\
SULFH� WKDQ LV IRXQG LQ UHDO ZRUOG� 7KLV GLVSDULW\ PD\ DULVH EHFDXVH WKH PRGHO
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DVVXPHV WKDW WKH YRODWLOLW\ RI GHPDQG VKRFNV LV HTXDO RYHU WLPH� ZKHUHDV UHDO
ZRUOG GHPDQG VKRFNV PD\ H[KLELW *$5&+ HmHFWV�
6RPH SUHGLFWLRQV RI WKH PRGHO DUH REVHUYDWLRQDOO\ HTXLYDOHQW WR WKRVH JHQ�

HUDWHG E\ WKH PRGHO RI =KRX ������� =KRX VKRZV WKDW LQFRPSOHWH KHGJLQJ LQ D
FRPPRGLW\ PDUNHW FDQ FDXVH YRODWLOLW\ VNHZV� ,Q =KRX
V IUDPHZRUN� KHGJLQJ
FRQVLGHUDWLRQV SURGXFH D V\VWHPDWLF UHODWLRQ EHWZHHQ PDUNHW SULFH OHYHOV DQG
ULVN SUHPLD� ZKLFK LQ WXUQ FUHDWHV D V\VWHPDWLF UHODWLRQ EHWZHHQ SULFH OHYHOV
DQG SULFH YRODWLOLW\� 7KH VWRUDJH WKHRU\ DQG WKH LQFRPSOHWH KHGJLQJ PRGHO
DUH FRPSOHWHO\ GLmHUHQW LQ VSLULW DQG PRWLYDWLRQ� VR IXWXUH UHVHDUFK VKRXOG
WU\ WR GLVWLQJXLVK EHWZHHQ WKHLU HPSLUFDO SUHGLFWLRQV� 6RPH GLmHUHQFHV DUH
DSSDUHQW� 0RVW LPSRUWDQW� WKH LQFRPSOHWH KHGJLQJ DSSURDFK LPSOLHV WKDW
IXWXUHV�IRUZDUG SULFHV VKRXOG EH PHDQ UHYHUWLQJ� WKH VWRUDJH DSSURDFK GRHV
QRW� ,W LV QRW FOHDU ZKHWKHU WKH LQFRPSOHWH KHGJLQJ DSSURDFK SUHGLFWV WKDW
WKH VKDSH RI WKH YRODWLOLW\ VNHZ VKRXOG GHSHQG XSRQ WKH OHYHO RI WKH FRP�
PRGLW\ SULFH DV LV WKH FDVH LQ WKH VWRUDJH PRGHO VWXGLHG KHUH� ,W LV HYLGHQW
WKDW WKH H[LVWLQJ LQFRPSOHWH KHGJLQJ PRGHO RI =KRX GRHV QRW SUHGLFW WKH
GRFXPHQWHG UHODWLRQ EHWZHHQ FRPPRGLW\ SULFH OHYHOV �RU VSUHDG OHYHOV� DQG
WKH FRUUHODWLRQ EHWZHHQ VSRW DQG IRUZDUG UHWXUQV EHFDXVH LW FRQWDLQV D VLQJOH
IDFWRU� 3HUKDSV PXOWL�IDFWRU PRGHOV RI WKLV W\SH FDQ JHQHUDWH VXFK D SDWWHUQ�
EXW WKLV KDV QRW EHHQ SURYHQ WR GDWH�
)XWXUH ZRUN LQ WKLV DUHD VKRXOG LQFOXGH H[WHQVLRQ RI WKH DQDO\VLV WR HQFRP�

��SDVV SHULRGLFDOO\ SURGXFHG FRPPRGLWLHV �VXFK DV DJULFXOWXUDO SURGXFWV��
$OORZLQJ LQYHVWPHQW LQ SURGXFWLYH FDSDFLW\ LV DOVR ZRUWK H[SORULQJ� ,QYHVW�
PHQW� OLNH VWRUDJH� LV D ZD\ RI VPRRWKLQJ RXW GHPDQG VKRFNV� ,QWHJUDWLRQ RI
D UHDO RSWLRQV LQYHVWPHQW PRGHO OLNH WKDW RI 'L[LW DQG 3LQG\FN ������ ZLWK
WKH ULFKHU HFRQRPLF HQYLURQPHQW RI WKLV DUWLFOH LV DQ LQWHUHVWLQJ� DQG FHU�
WDLQO\ FKDOOHQJLQJ� SRVVLELOLW\� *HQHUDOL]LQJ WKH GHPDQG IXQFWLRQ WR SHUPLW
LQWHUWHPSRUDO VXEVWLWXWDELOLW\ LV DQRWKHU SRVVLEOH H[WHQVLRQ RI WKH PRGHO�
,Q VXP� ZKHQ PDUJLQDO SURGXFWLRQ FRVWV IRU FRQWLQXRXVO\ SURGXFHG FRP�

PRGLWLHV DUH LQFUHDVLQJ DQG FRQYH[� WKH YRODWLOLWLHV DUH WLPH YDU\LQJ� ,Q
SDUWLFXODU� YRODWLOLWLHV VKRXOG EH KLJK ZKHQ SULFHV DUH KLJK DQG VSRW�IRUZDUG
VSUHDGV ZLGH� 0RUHRYHU� RSWLRQV LPSOLHG YRODWLOLWLHV VKRXOG EH VNHZHG� ZLWK
WKH VKDSH RI WKH VNHZ GHSHQGLQJ XSRQ WKH H[LVWLQJ VFDUFLW\ LQ WKH PDUNHW�
(PSLULFDO GDWD IRU FRQWLQXRXVO\ SURGXFHG FRPPRGLWLHV H[KLELW PDQ\ RI WKHVH
IHDWXUHV� &RQVHTXHQWO\� PRGHOV RI FRPPRGLW\ SULFH G\QDPLFV ZKLFK RPLW

��3LUURQJ �����E� VROYHV DQG DQDO\]HV D IRXU�VHDVRQ UHFXUVLYH G\QDPLF PRGHO RI D PDUNHW
IRU D VHDVRQDOO\�SURGXFHG FRPPRGLW\�
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WKHVH IHDWXUHV DUH PLV�VSHFLnHG DQG DUH OLNHO\ XQUHOLDEOH IRU SULFLQJ FRPPRG�
LW\ RSWLRQV�
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5HIHUHQFHV

>�@ $PLQ� .DXVKLN� 9LFWRU 1J� DQG &UDLJ 3LUURQJ� ����� ?9DOXLQJ (QHUJ\
'HULYDWLYHV�� LQ 5� -DPLHVRQ� HG��0DQDJLQJ (QHUJ\ 3ULFH 5LVN� /RQGRQ�
5LVN 3XEOLFDWLRQV�

>�@ %RGXUWKD� -DPHV� DQG 0DUWLQ -HUPDN\DQ� ����� ?1RQ�3DUDPHWULF (VWL�
PDWLRQ RI DQ ,PSOLHG 9RODWLOLW\ 6XUIDFH�� :RUNLQJ SDSHU� *HRUJHWRZQ
8QLYHUVLW\�

>�@ %UHQQDQ� 0LFKDHO� ����� ?7KH 3ULFH RI &RQYHQLHQFH DQG WKH 9DOXDWLRQ
RI &RPPRGLW\ &RQWLQJHQW &ODLPV�� LQ '� /XQG DQG %� 2NVHQGDO� HGV��
6WRFKDVWLF 0RGHOV DQG 2SWLRQ 9DOXHV� 1HZ <RUN� 1RUWK +ROODQG�

>�@ %UHQQDQ� 0LFKDHO� DQG (GXDUGR 6FKZDUW]� ����� ?(YDOXDWLQJ 1DWXUDO
5HVRXUFH ,QYHVWPHQWV�� �� -RXUQDO RI %XVLQHVV� ��������

>�@ &RUWD]DU� *�� DQG (GXDUGR 6FKZDUW]� ����� ?7KH 9DOXDWLRQ RI &RPPRG�
LW\ &RQWLQJHQW &ODLPV�� :RUNLQJ SDSHU� 8&/$�

>�@ &KDPEHUV� 0DUFXV� DQG 5R\ %DLOH\� ����� ?$ 7KHRU\ RI &RPPRGLW\
3ULFH )OXFWXDWLRQV�� ��� -RXUQDO 2I 3ROLWLFDO (FRQRP\� ��������

>�@ 'HDWRQ� $QJXV� DQG *X\ /DURTXH� ����� ?2Q WKH %HKDYLRU RI &RPPRG�
LW\ 3ULFHV�� �� 5HYLHZ RI (FRQRPLF 6WXGLHV� �����
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>�@ 'HDWRQ� $QJXV� DQG *X\ /DURTXH� ����� ?&RPSHWLWLYH 6WRUDJH DQG
&RPPRGLW\ 3ULFH '\QDPLFV�� ��� -RXUQDO RI 3ROLWLFDO (FRQRP\� ����
����

>�@ 'L[LW� $YLQDVK DQG 5REHUW 3LQG\FN� ����� ,QYHVWPHQW 8QGHU 8QFHU�
WDLQW\� 3ULQFHWRQ� 3ULQFHWRQ 8QLYHUVLW\ 3UHVV�

>��@ 'XpH� 'DUUHOO DQG 6WHSKHQ *UD\� ����� ?9RODWLOLW\ LQ (QHUJ\ 3ULFHV��
LQ 5� -DPLHVRQ� HG�� 0DQDJLQJ (QHUJ\ 3ULFH 5LVN� /RQGRQ� 5LVN 3XEOL�
FDWLRQV�

>��@ *LEVRQ� 5DMQD� DQG (GXDUGR 6FKZDUW]� ����� ?6WRFKDVWLF &RQYHQLHQFH
<LHOG DQG WKH 3ULFLQJ RI 2LO &RQWLQJHQW &ODLPV�� �� -RXUQDO RI )LQDQFH�
��������

>��@ *URVVPDQ� 6DQIRUG� DQG =KRQJTXDQ =KRX� ����� ?(TXLOLEULXP $QDO\VLV
RI 3RUWIROLR ,QVXUDQFH�� �� -RXUQDO RI )LQDQFH� ����������

>��@ +HVWRQ� 6WHYHQ� ?$ &ORVHG�)RUP 6ROXWLRQ RI 2SWLRQV ZLWK D 6WRFKDVWLF
9RODWLOLW\� ZLWK $SSOLFDWLRQV WR %RQG DQG &XUUHQF\ 2SWLRQV�� 5HYLHZ RI
)LQDQFLDO 6WXGLHV�

>��@ /LW]HQEHUJHU� 5REHUW� DQG 1LU 5DELQRZLW]� ����� ?%DFNZDUGDWLRQ LQ 2LO
)XWXUHV 0DUNHWV� 7KHRU\ DQG (PSLULFDO (YLGHQFH�� �� -RXUQDO RI )L�
QDQFH� ����������

>��@ 1J� 9LFWRU� DQG &UDLJ 3LUURQJ� ����� ?)XQGDPHQWDOV DQG 9RODWLOLW\�
6WRUDJH� 6SUHDGV� DQG WKH '\QDPLFV RI 0HWDOV 3ULFHV�� �� -RXUQDO RI
%XVLQHVV� ��������

>��@ 1J� 9LFWRU� DQG &UDLJ 3LUURQJ� ����� ?3ULFH '\QDPLFV LQ 5HnQHG
3HWUROHXP 6SRW DQG )XWXUHV 0DUNHWV�� � -RXUQDO RI (PSLULFDO )LQDQFH�
��������

>��@ 3LUURQJ� &UDLJ� ����� ?0HWDOJHVHOOVFKDIW� $ 3UXGHQW +HGJHU 5XLQHG� RU
D :LOGFDWWHU RQ 1<0(;"� �� -RXUQDO RI )XWXUHV 0DUNHWV � ��������

>��@ 3LUURQJ� &UDLJ� ����D� ?+LJK )UHTXHQF\ 3ULFH '\QDPLFV DQG 9RODWLO�
LW\ 6NHZV IRU &RQWLQXRXVO\ 3URGXFHG &RPPRGLWLHV�� :RUNLQJ SDSHU�
:DVKLQJWRQ 8QLYHUVLW\�
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>��@ 3LUURQJ� &UDLJ� ����E� ?+LJK )UHTXHQF\ 3ULFH '\QDPLFV DQG DQG $X�
WRFRUUHODWLRQV IRU 3HULRGLFDOO\ 3URGXFHG &RPPRGLWLHV�� :RUNLQJ SDSHU�
:DVKLQJWRQ 8QLYHUVLW\�

>��@ 5RXWOHGJH� %U\DQ� 'XDQH 6HSSL� DQG &KHVWHU 6SDWW� ����� ?(TXLOLEULXP
)RUZDUG &XUYHV IRU &RPPRGLWLHV�� :RUNLQJ SDSHU� &DUQHJLH 0HOORQ
8QLYHUVLW\�

>��@ 5XELQVWHLQ� 0DUN� ����� ?,PSOLHG %LQRPLDO 7UHHV�� �� -RXUQDO RI )L�
QDQFH� ��������

>��@ 6FKHLQNPDQ� -RVH� DQG -DFN 6FKHFWPDQ� ����� ?$ 6LPSOH &RPSHWLWLYH
0RGHO RI 3URGXFWLRQ ZLWK 6WRUDJH�� �� 5HYLHZ RI (FRQRPLF 6WXGLHV �
��������

>��@ 6FKZDUW]� (GXDUGR� ����� ?7KH 6WRFKDVWLF %HKDYLRU RI &RPPRGLW\
3ULFHV� ,PSOLFDWLRQV IRU 9DOXDWLRQ DQG +HGJLQJ�� �� -RXUQDO RI )LQDQFH�
��������

>��@ 7H\VVLHUH� *LOOHV� &KULVWRSKHU *LOEHUW� DQG &HOVR %UXQHWWL� ����� ?1RQ�
)HUURXV 0HWDOV 3ULFH 9RODWLOLW\� $ )UDFWLRQDOO\ ,QWHJUDWHG 3URFHVV"�
LQ 5REHUW -DPHVRQ� HG�� 0DQDJLQJ 0HWDOV 3ULFH 5LVN� /RQGRQ� 5LVN
3XEOLFDWLRQV�

>��@ :LOOLDPV� -HmUH\� DQG %ULDQ :ULJKW� ����� 6WRUDJH DQG &RPPRGLW\
3ULFHV� &DPEULGJH� &DPEULGJH 8QLYHUVLW\ 3UHVV�

>��@ :RUNLQJ� +ROEURRN� ����� ?7KH 7KHRU\ RI WKH 3ULFH RI 6WRUDJH�� ��
$PHULFDQ (FRQRPLF 5HYLHZ � ����������

>��@ =KRX� =KRQJTXDQ� ����� ?,QFRPSOHWH +HGJLQJ DQG &RPPRGLW\ 3ULFH
9RODWLOLW\�� :RUNLQJ SDSHU� :DVKLQJWRQ 8QLYHUVLW\�
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Figure 1-Spot Price v. Demand State and Carry-in
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Figure 2-Spot-Forward Spread v. Demand State and Carry-in
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Figure 3
LME Lead Supply of Storage Curve
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Figure 4-Spot Return Variance v. Demand State and Carry-in
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Figure 5-Spot-Forward Correlation v. Demand State and Carry-in
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Figure 6-Hedge Ratios as a Function of Carry-in and Demand
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Figure 8a-Implied Variance with High Spot Price
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Figure 8b-Implied Variance with Moderate Spot Price
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Figure 7b-Price Distribution with Moderate Spot Price


